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Abstract 

We give uniform formulas for the branching rules of level 1 modules 
over orthogonal affine Lie algebras for all conformal pairs associated 
to symmetric spaces. We also provide a combinatorial intepretation 
of these formulas in terms of certain abelian subalgebras of simple Lie 
algebras. 

1 Introduction 

A pair (s, 6), where s is a finite-dimensional semisimple Lie algebra over C 
and t is a reductive subalgebra of s, such that the restriction of the Killing 
form of s to t is non-degenerate, is called a conformal pair if there exists an 
integrable highest weight module V over the affine Kac-Moody algebra s, 
faithful on each simple component of s, such that the restriction to t of each 
weight space of the center of t in V decomposes into a finite direct sum of 
irreducible ^-modules. In such a case t is called a conformal subalgebra of s. 

It is well-known that any integrable highest weight s-module, when re- 
stricted to t, decomposes into a direct sum of irreducible 6-modules [T2j, but 
almost always this decomposition is infinite. 

The first cases of a finite decomposition, found in ^3|, are as follows. Let 
= £ © p be the eigenspace decomposition of an inner involution of a simple 
Lie algebra q such that £ is semisimple. This defines an embedding t C so(p). 
It was shown by Kac and Peterson in 13 , by an explicit decomposition for- 
mula, that the restriction of the spinor representations of so(p) to t is a finite 
direct sum of irreducible 6-modules. Thus, the pair (so(p),fi) is conformal. 



Due to their importance for string compactifications, a series of papers on 
conformal pairs appeared in the second half of the 1980s in physics literature. 
First of all, a connection to representation theory of the Virasoro algebra was 
established. Namely, it was found that the decomposition in question is finite 
if and only if the following numerical criterion holds: the central charges of 
the Sugawara construction of the Virasoro algebra for s and t are equal |9 . 
This immediately has led to a conclusion: the decomposition in question has 
a chance to be finite only if the level of the s-module V is equal to 1, and if 
it is finite for one of the s-modules of level 1, it is also finite for all others. 
Furthermore, Goddard, Nahm and Olive show [H] that the observation of 
Kac and Peterson can be reversed. Namely all conformal pairs (so(p),t) 
are obtained from an involution (not necessarily inner) of a semisimple Lie 
algebra q, and all such pairs are conformal. However, they obtain this result 
using the above numerical criterion, and do not find actual decompositions. 

All conformal subalgebras 6 for all simple Lie algebras s were classified in 
j3] and |21] by making use of the numerical criterion. Also, it was pointed out 
in [2] that, using the conformal pairs (so 2n ,g£ n ) and (so 4n , sp 2n x s£ 2 ), one 
can reduce the study of conformal subalgebras in all classical Lie algebras to 
that in so n . 

Around the same time the general problem of restricting representations 
of affine Lie algebras to their subalgebras was treated, using the theory of 
modular forms. Namely it was observed in ^1] that the branching rules are 
described by certain modular functions, called branching functions, for which 
one can write down explicit transformation formulas. This idea was further 
developed in [E], where the above mentioned "modular constraints", along 
with the "conformal constraints" , provided by the Virasoro algebra, allowed 
to compute easily branching functions (which are constants in the conformal 
pair case) in many interesting cases, and, in principle, in any given case. 
The technology, developed in PJj| was subsequently used in [THj to find all 
the decompositions of all integrable highest weight modules of level 1 over 
affine Lie algebras 5, restricted to affine subalgebras t, where t is a conformal 
subalgebra of a simple exceptional Lie algebra s. The branching rules of some 
other conformal embeddings were subsequently found in pQ, [20] and a few 
other papers, written in the 1990s. 

The problem of finding a general conceptual formula for branching rules 
for level 1 integrable highest weight modules over so(p), when restricted to 
t, where the conformal embedding of 6 in so(p) is defined by the eigenspace 
decomposition of an involution of a semisimple Lie algebra g = t + p, has 
remained an open problem. 

In the present paper we completely solve this problem. The solution 
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turned out to be intimately related to recent developments in the study 
of abelian subalgebras of simple Lie algebras, that began with a paper of 
Kostant jEj and continued in jlj, 0, ©, 0, [IE], HQ, [22], [2Ej. 

Let us explain our main observation on the example of a conformal embed- 
ding 6 C so(t), where 6 is a simple Lie algebra, via the adjoint representation 
of 6. In this case the restriction to 6 of the basic + vector representations of 
so(t) decomposes into a direct sum of 2 rankt irreducible 6-modules (this de- 
composition was found already by Kac and Wakimoto ^E]), and, remarkably, 
these 2 rankt t- modules are in a canonical one-to-one correspondence with all 
abelian ideals of a Borel subalgebra of 6. 

Our main result is that for all conformal pairs associated to symmetric 
spaces, the decomposition of level 1 modules over so(p) is described in terms 
of a certain class of abelian subalgebras of semisimple Z 2 -graded Lie algebras 
= t © p, studied and classified recently by Cellini, Moseneder Frajria and 
Papi [lj. 

We hope that the connection of representation theory of affine Lie algebras 
to the theory of abelian subalgebras of simple Lie algebras will shed a new 
light on the latter theory as well. So far we obtained only partial results in 
this direction. 

Now we describe our results in a special case which might give the flavour 
of the general case. First remark that so(p) is an affine algebra of type or 
D^ 1 ' according to whether dim(p) is odd or even. Hence the level 1 modules 
are the fundamental representations associated to the extremal nodes of the 
Dynkin diagram. They are the basic, vector and spin representations, and 
have been studied since a long time. 

We consider in detail the case of the basic and vector representation of t 
and furthermore we assume that t is semisimple. Denote by L(Aq) the basic 
representation, by L(Ai) the vector representation and set L = L(A )+L(Ai). 
The first step in our analysis consists in calculating the character of the 6- 
module L. This is done using the explicit description of the action given 
in [in]. To be more precise we need to fix some notation. Let fjo be a 
Cartan subalgebra of t, denote by A* the set of f)o-roots of t and by A(p) 
the set of f) -weights of p. Fix a set of positive roots A^J" and let b be the 
corresponding Borel subalgebra. Let a denote the involution which induces 
the decomposition g = 6©p and denote by L(g, a) the extended loop algebra 
associated to the pair (g,a) (see [12], Ch. 8) and by W its Weyl group. 
The choice of Aj!~ induces natural choices A + , Aj" for the positive roots of 
L(q, a), t respectively. Here, as above, t denotes the untwisted affine algebra 
associated to 6; we also set 5$ to be its fundamental imaginary root and Wt 
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its Weyl group. Finally let A + denote a set of positive roots (w.r.t. the 
centralizer of fj in g) of g compatible with that of t (see 12 .3j) . This allows 
us to define 

A+(p) = A+ o nA(p), 

A + (p) = {(m + hs t + a | a G A+(p), m G Z}. 
Then it turns out that, up to an exponential factor, ch(L) equals 

a£A+(p) 

(see (|3.4p ). To extract from the previous formula information on the 6-module 
structure of L we generalize an idea used in j2H| in the finite dimensional equal 
rank case. We introduce a natural map ip : t — > L(g,a), whose transpose 
induces a bijection ip^ : A <-> A^ U A + (p). Using this map and the Weyl- 
Kac character formula we get the following decomposition into irreducible 
6-modules 

L{K)= L{r Q {up)-p i + \e5 t ). (1.1) 

£{u) = e modi 

Here W' aQ is the set of minimal right coset representatives of (^q) -1 ^^ ^ n 
W, p, pi are the sum of fundamental weights in A + , A^ and e = 0, 1. A more 
accurate statement of formula (jl.lj) is given in Theorem 13.51 

The combinatorial interpretation of formula (jl.lj) arises from the fact 
that, if C\ denotes the fundamental alcove of W, then the set (JweW 
is the polytope studied in jl] in connection with the problem of enumerating 
bo-stable abelian subalgebras of p. This coincidence allows us to give a much 
more explicit rendering of formula (jl.lj) . For instance, if a is an automor- 
phism of type (0, . . . , 1, . . . , 0; 1) with 1 in a position corresponding to a short 
root, then we have 

L&)= LU 0>t +(A)-^(\A\-e)5 i ), 

AGS V / 

|j4.|=€ mod 2 

where S is the set of bo-stable abelian subalgebras of p, and for A G E, 
(A), \A\ denote the sum (resp. the number) of the roots in A. The general 
case is completely described in Theorem 13.91 
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The situation in the case of the spin representation (6 semisimple) is much 
more complex. For instance, we need to use the factorization of the involution 
cr as fit] with 7] inner and \x diagram automorphism to write down the auxiliary 
map ipi : t L'(g, cr) which plays the role of i/jq in the spin case and 
which is the crucial tool for manipulating the character. Moreover the target 
algebra L'(g, a) is different according to whether we are considering the equal 

(2) 

rank case, the A 2 ^ case or the remaining non equal rank cases. Surprisingly 
enough, we obtain a decomposition formula which is quite similar to (jl.lj) : 

ch(X r ) = 2 L ^ J ch(L(a ^l(up) -p t )). (1.2) 

We refer the reader to Proposition 14.71 for the undefined notation. As far as 
the combinatorial interpretation is concerned, we get again a description of 
formula (jl.2J) in terms of abelian subalgebras, but in the non equal rank the 
right class to consider is that of noncompact subalgebras (cf. Definition 14.3)1 
which are stable under the Borel subalgebra bodtni^ of the subalgebra £nt M 
of /x-fixed points in 6. The relevant results in this direction are Theorems 

EDI EH El 

A few words on the case in which t has a non-trivial center. In this 
case we describe the finite decomposition of an eigenspace of the center on 
the level 1 modules. Also in this case there is a special subset of abelian 
stable subalgebras of p which plays an important role in the description of 
the decompositions. We describe in detail the finite decomposition of each 
eigenspace of the center (see Theorems 15.41 15. 5|) . 

The paper is organized as follows. In Section 121 we recall the necessary 
information on the structure and representation theory of affine Lie algebras, 
as well as the construction of all level 1 modules over the affinization of 
orthogonal Lie algebras so n . In Section El we find the decompositions of the 
basic + vector representations of so(p), restricted to t, t semisimple, and 
in Section 0] we solve the same problem for the spinor representations. In 
Section H we deal with the case when t has a non-trivial center. Finally in 
Section |H1 we consider some concrete examples and discuss connections of the 
theory of abelian subalgebras to modular invariance. 
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2 Preliminaries 



2.1 Lie algebra involutions and affine algebras 

Let g be a semisimple Lie algebra over C, a an involutive automorphism of g 
and let g = 6©p be the corresponding eigenspace decomposition. Let f)o be a 
Cartan subalgebra of the reductive subalgebra t and let 3 be the centralizer of 
f)o in g. Let (•, •) denote a non-degenerate invariant symmetric bilinear form 
on g. Then (see jTU], Lemma 5.3 or Lemma 8.1), 3 is a Cartan subalgebra 
of g and (t, p) = 0. In particular (•, -)\t x t is a nondegenerate invariant form 
on t and (•,■) is nondegenerate when restricted to f)o, so we can induce a 
form, still denoted by (-, •) on f)*,. 

Consider the root system A^ of the pair ({!, f) ) and fix a subset of positive 
roots Af. Let b denote the corresponding Borel subalgebra of t. We denote 
by A(p) the set of f) -weights of p. 

Let L(g) be the loop algebra of g: 

L(g)=C[t,r l ](g)g. 
Let L(g, a) be the subalgebra 

\n£Z, n even / \nSZ, n odd / 

and consider the extended loop algebra L(g) = L(g)@CK' ©C<f with bracket 
defined by 

[t n ®X + \K' + /jd', t m ®Y + AiiT' + //id'] = 

= t" +m ® [X, Y] + <5„,_ m n(X, + mnt n ®X + /2mt m <g> K (2.1) 

(The construction of the extended loop algebra is done in [12J only for g 
simple, but everything extends to semisimple g in a straightforward way). 
Set L(g, a) = L(g, a) © CK' © Cd'. Clearly L(g, a) is a subalgebra of L(g). 

Set I) = (l©P) )©Cii' / ffiCc? / and let A denote the set of nonzero ^-weights 
of L(g, a). Define 5' G f)* by setting 

5>(1 ® f, ) = $'(#') = = 1. 

We identify t)* and the subset {A G fj* | A(d') = A(tf') = 0} of?*. 
Notation. If A G (}* we denote by A its restriction to 1 <g> f) . 
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The set of roots of L(g, a) is 

A ={k5' + a | a G A h k even} U {kS' + a \ a G A(p), k odd} 
U {kS' \ke2Z, k^ 0}. 

We set A + = A^ U {« G A a(d') > 0}. Let II be the corresponding set of 
simple roots. Denote by W the Weyl group generated by II. 

Assume now that a is indecomposable (i.e. g has no non-trivial cr-stable 
ideals). Then either g is simple, or g is a direct sum of two copies of a simple 
Lie algebra t and a permutes the summands. We call the latter the complex 
case. 

The following two propositions give a summary of Exercises 8.1-8.4 from 
|12j . The proof can be found in § 5 of |10l . Ch.X. 



Proposition 2.1. 1. |II| = n + 1, where n is the rank oft. 

2. If LT = {a , • • • , «„}, then o7o, . . . , a n span f)o- 

3. (Sj, cijj) > /or a// i and 



4- A = (dij) is a generalized Cartan matrix of an affine type. 

We label the a« so that the corresponding Dynkin diagram is one of those 
displayed at pp. 54-55 of fF2\ . 

If a G A, then a can be written uniquely as ^™ =0 ^i(a)«i with rrii(a) G 
Z. Write a>i = Sj<5' + c^. By Proposition 12.1131 a?j 7^ 0. Let be the unique 
element of f) sucn that o7j(/i) = (/i 5i , /i) for all h G f)o- Set hi = ( - 2 - ^ h- 5i and 

fix t Si g Aj G L(g, cr) Qi , g F G L(g, cr)_ aj in such a way that (Aj, F) = 



2 



Then [Aj,F] — h{. It follows that 



[t s » g Aj, r* ® = ,y % _, K' + ^. 

Set a 7 v = (- S L v i^' + and II V = {a!, . . . , a^j. In the following proposition 
we use the notation of H2], Ch. 1. 



Proposition 2.2. TTie triple (F), IT, IT V ) zs a realization of A and the map 

a i-> t Si <g Aj / { h t~ Si g F 

extends to a Lie algebra isomorphism of the affine Kac-Moody algebra q{A) 
to the Lie algebra L(g,o~). 
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Let a , . . . , a n (resp. Oq, . . . ,a£) be positive integers with G.C.D(a , . . . , 
a n ) = 1 that are coefficients of a linear dependence between the rows (resp. 

n n 

columns) of the matrix A: ^ aio.i = and ^2 a(hi = 0. Set 5 = J27=o a i a i 

i=0 i=0 

and notice that 5 = (Yli=o a i s i)^' ■ We a ^ so ^ K = Y17=o a i a i ^ e the 
canonical central element. 

Proposition 2.3. Set k = ™— . Then k = 1 if a is inner and k — 2 

otherwise. 

Proof. Since 25' = kS is a root (cf. [T2j, Theorem 5.6 b)) we deduce that A; 
is an integer, hence k E {1, 2}. Since 5' = |<5 is a root if and only if 3 7^ f)o, 
we see that k = 2 if and only if a is not of inner type. □ 

Remark 2.1. If g is simple of type then L(g, a) is an affine Kac-Moody 
algebra of type xffi. If q = t © t, where £ is simple of type Xjv, then L(g, a) 
is of type Xjy . 

Remark 2.2. If g is simple, using the terminology of [12], we have that 
a is an automorphism of type (sq, . . . ,s n ;k). In the complex case we have 
k = 2, s = 1. 

If g is simple, we choose (■,■) = where (■,-)« * s the invariant 

form on g such that the square root lenght of a long root is 2. We will call 
(•,•)„ a normalized invariant form. If g = t x t we define (-, •) by 

((x, n (x', y')) = K(x, x') n + (y, m 

where (■, •)„ is the normalized invariant form on t. 

We define a standard invariant form (•, •) on L(g, a) by setting 

2 

(ctj , /i) = _s Q^(fc-) for z = 0, . . . , n and h £ f) (2.2) 

(rf', d') = 0. (2.3) 

We want to prove that the previous formulas define a normalized invariant 
form on L(g, cr), i.e. (0, 0) = 2, where # = YH=i a i a i- Let z/ : f) — > fj* be the 
induced isomorphism and let (•, •) be the induced form on h*. Since 

a i (h) = &Q(af,h) 



we see that v 1 (oti) = 0% . It follows that 



a£i,(Xj) = [ai^aj), 
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hence, if A,// G Span (II), then 

(A,/i) = (A,/J). (2.4) 

We need to discuss the relationship between the roots of g and the roots of 
L(q, a). Write 3 = f)o©<*c, where ac = pHj. Let A be the 3-root system of g. 
There are three types of roots in A: those such that = and whose root 
vector X a is in t, those such that = and whose root vector X a is in p, 
and those such that ^ 0. These are usually called respectively compact 
imaginary roots, noncompact imaginary (or singular imaginary) roots, and 
complex roots. To avoid confusion with standard Kac-Moody terminology 
we call them compact, noncompact, and complex. If a is a complex root, 
then the corresponding root vector decomposes as 

X a = u a + v a 

with m q G f and v a G p. Then u a is a root vector in t for the root a\^ and v a 
is a weight vector in p for the weight a\^ in A(p). In particular a is a complex 
root if and only if a^ G A e fl A(p). It follows that a G A is a compact root 
if and only if a\^ a G A and 5' + a\^ A, a G A is a noncompact root if and 
only if a\t) £ A and 5 f + a\^ G A, and a G A is a complex root if and only 
if ck|(j G A and 5' + G A. More precisely if k — 1, then f)o = 3 hence, 
if a G A, then a 7 = f3\^ with /3 compact or noncompact. It follows that 
(a, a) = (a, a) = ((3,fl) n . In particular, since a is a long root, (a ,a ) = 2. 
If k — 2 and g is simple, then <5' = <5 hence, if a G A, then a = f3\^ with 
/3 compact or noncompact if and only if a is a long root. It follows that 
if a is a long root and a = (3^, then (a, a) = (a, a) = k((3,[3) n = 4. In 
particular, since a is a short root, a (a ,a ) = 2. In the complex case one 
checks directly that (a , a ) = 2 in this case too. We have proven 

Lemma 2.4. The form (•, •) on L(g, a) defined above is a normalized stan- 
dard invariant form. 

Since (d',K) = V a) 2, = y< v 2^ d ^ = ^ 20^^ 

we see that (a", fT') = 1. Also remark that 

(a", /i) = if h G J) (2.5) 

which is easily proved by observing that 

(df, fa) = (d', at - 2-^-K') = —L- ai {d') - 2-^- = 0. 

{on, on) {<%,<%) {on, on) 
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Let H be the unique element of f)o such that oti(H) = Sj for i — 1, . . . , n. 
Then easy calculations show that d = ^{d! — H — \{H, H)K') is a scaling 

element for L(g, a) and (d, d) = 0. It follows that, if we define Ao G f)* by 
setting A (a>i) = 5io and A (d) = 0, then the form (-, ■) on L(g, a) is given by 
the formulas of ,12, § 6.2]. In particular we see that ^2 ^^ = Y2 a i s i = f- 
Hence K = \K' . 

k 

2.2 The Lie algebra t and the character formula 

In general t is a reductive Lie algebra, hence we can write t = t © J2s=i *s, 
where t is the center of t and ts are the simple ideals of t. If S > 0, we 
denote by lis the set of simple roots of 65. Let also W$ be the relative Weyl 
group: Ws = (s a I a G lis), As the relative root system, As = Wsli-s, and 
6s the highest root of As- We recall that the dimension of to is at most one. 

We define the affine Lie algebra t as follows. Consider the standard loop 
algebra t = L{t) = (BsL(tg). On each simple ideal ts let (•, -)s be the 
normalized invariant form. Set also (•, -)o to be the normalized invariant 
form of g restricted to t . We then let t' s = L(t$) © CK S be the central 
extension of L(ts) with bracket defined as usual as 

[t m ®X,t n ®Y} = t n+m © [X, Y] + S m ^ n m(X, Y) S K S . 

Set finally t = (©s^'s) © where dt is the derivation t4i on L(t) extended 
by setting [d t ,K s ] = 0. Set ts = t' s © Cd%. We can extend the form (•, -) s 
on all of t s by setting (K s , t s )s = (K s , K s )s = (d h t s )s = {dt, d t ) s = and 
(d h K s )s = l. _ 

We denote by Wt the Weyl group of t. It is a group of linear transforma- 
tions on []{, where 

Se = 1 <g> fj {® S CK S ) © Cd(. 

If we define <5 { G fy£ setting 

= 1, © b„) = = °' 

then the set of roots for t is 

A t = {ndt + a I a G A e , n G Z} U {n5 t n 6 Z, n ^ 0}, 

where, as usual, we regard \)q as a subset of f)j by extending A G ^ setting 
A(d t ) = A(Ks) = 0. 
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We set II t = U 5 n 5 and 



n t = n e u{5 e - 9 S \s>o}. 

II is a set of simple roots for t and we denote by A^~ the corresponding subset 
of positive roots. 

If A £ f)j is a A^-dominant integral weight, we denote by L(X) the ir- 
reducible integrable t module of highest weight A. We denote by the 
fundamental weights of I5 and we set pt = ^2 Aj. Recall the Weyl-Kac 

j,S>0 

character formula for the character of L(\), A £ })\: 

ch{L{\)) = ^ Wt )' , . (2.6) 

Here m a denotes the multiplicity of the root a. 

2.3 Realization of level 1 modules of so(p) 

If X £ t set adp(X) = ad(X)\ p . Since the action of t on p is orthogonal with 
respect to (•,•), we have an inclusion t C so(p) defined by X \— > ad p (X). 

We let so(p) denote the affine Lie algebra L(so(p)) © CK p © Cd p , where 
L(so(p)) © CK p is the central extension of L(so(p)) defined by setting 

[t m ®A,t n ®B]= t n+m © [A, B] + 5 m ,_ n m <A,B>K P 

and < A,B >= ^tr(AB). Note that so(p) is an affine algebra of type B^ 
or according to whether dim(p) is odd or even. 

In the following we recall the realization of the level 1 irreducible modules 
of so(p) described in [T3] . 

Fix r £ Z, set r' = |_~J and consider the loop space p = C[t,t _1 ] © p. 
Define the bilinear form <3> r on p by setting 

$ r (t mi © X, t m * © Y) = 5 r+mi+m2 ^(X, Y). 

Let Cl r (p) = C7+(p) ©C£~(p) be the corresponding Clifford algebra, decom- 
posed into the sum of the even and odd part. 

If m £ Z set p m = ©i> m (t* © p) and p' m = ffij< m (f © p). If r is even set 
U r = p- r '. Then U r is a maximal isotropic subspace for p with respect to $ r . 
If r is odd we choose a maximal isotropic subspace of p as follows. Recall 
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(see [26 , § 9.3.1]) that a set of positive roots A + for g is compatible with A^ 
if it is a-stable and A + n A t ~D A^~. Let A + be such a positive system. Set 
A+(p) = A(p)nA% and 

ae±A+(p) 

Thus we can write 

p = a c ©p + ©p~, 

where Oc = 3Hp. Choose a maximal isotropic subspace a of oc- Set U = a©p + 
and 

U r =P-r>®(t- r '- 1 ®U). 

Let a r denote the left action of so(p) on the spin module (defined in [TB*] ) 
s r (p,U r ) = Cl r (p)/Cl r (p)U r . 

If r is even we let X r be the subalgebra of Cl r (p) generated by p'_ r >. If r 
is odd, set L = dim ac and I = [^J = dim a. Fix a basis {vi} of ac such that 
{vi \ i < 1} is a basis of a and (vi,vi-j+i) = Then, if L is even, we let 
X r be the subalgebra of Cl r (p) generated by 

p'-r'-i © (£~ r ' _1 © (Span(vi \ i> I)® p~)) 
while, if L is odd, we let X r = be the subalgebra of Cl r (p) generated by 

(p'-r'-i © (*~ r ' _1 © {Span{vi | z > / + 1) ©p~))) (r r ' _1 

If rL is even (resp. odd) then Cl r (p) = Cl r (p)U r @ X r (resp. C7+(p) = 
Cl~(p)U r © X r ) therefore we can identify s r (p,L r r ) and X r . Set moreover 
X± = X r n C7±(p). Set m = [^^J and let A , . . . , A m denote the fun- 
damental weights of so(p) normalized by setting Aj(cfp) = 0. Define an 
element 5 P in the dual of the Cartan subalgebra of so(p) requiring that 

8p(dp) — 1) ^p(-^p) — 0) $p( x ) = f° r an y x m the Cartan subalgebra of 
so{p). 

Proposition 2.5. [Tffl 

1. The action a r of so(p) on X r is described explicitly in Theorem 1 of 

2. If rL is even we have X+ = L(A ), X~ = L(k\ — |5 P ) if r is even and 
X+ S L(A TO ), X- = L(K m -i) ifr is odd. 
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3. If both L and r are odd we have X+ = L(A m ). 

We shall conventionally refer to X r as the basic and vector representation 
if r is even and as the spin representation if r is odd. 



Let ?7 : 6 — ^ so(p) be the Lie algebra homomorphism such that t m <g> X i— ► 
t m ® adp(X) and c?{ i— > Requiring that rj is a Lie algebra homomorphism 
fixes the value of rj(Kg): if ft is a nonzero element of f)o H 65, then 

7 ? ([t®/l,r 1 (8)/l])=7 ? ((/l,/l)siif S ) 

while 

[77(2 <g> h),ri(r l ® h)} = [t® ad p {h),t~ l ® ad p (h)} =< ad p (h), ad p (h) > K p 
so 

< ad p (h) , ad p (h) > 

v{Ks) = (Ms Kp - 

Set 

< ad p (h), ad p (h) > 

Js= (MOs ' 

Let «;(•, ■) be the Killing form of g and «{(•, •) the Killing form of 6. We have 
tr(adp(h)ad p (h)) = n(h, h) — n t (h, h). 

By Corollary 8.7 of [12J we have that w^jQ = tig where tig is the dual Coxeter 
number of 65 if S > while ti^ — 0. If g is simple we can apply Corollary 8.7 
of [12] obtaining = 2kh y (here ft v denotes the dual Coxeter number of 
g). It follows that 

f§ = W ■ (2.7) 
(ft,/i) s [h,h) s 

In the complex case one checks directly that ()2.7|) still holds. The final 
outcome is that js is independent of the choice of h and that we can write 

= •IS-'* (2 ' 8) 

Notice that, if 5 > 0, = j^^. Setting n 5 = = a » fc . (a °'" o) for 

S > and n = 1, we see that, since aok(ao, ao) is the length of a long root 
of L(g, a), we can rewrite ()2.8|) as 

j s = n s ti / - tig 
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where ns is an integer (=1,2,3 or 4). 

The map 77 defines a representation a r of 6 on X r by setting a r = d r o r\. 
Using Theorem 1 of ^Hj, we can describe explicitly the action a T of the 
Cartan subalgebra as follows. Fix weight vectors X a G p a such that 
(X a , X_ a ) = 1 and set 



Set also 



t % ® X a if rL is even 

/=2(f ® X Q ) (r r '- 1 ® if rL is odd 



i 1 <8> f j if rL is even 

' '■' ^ • /=2(i* <g> f j )(t" r '" 1 <8> uj+i) if rL is odd ' 
Set 

J_ = {(i,a) M< -r'-l, a£A(p)}U{(i,j) | i < -r' - 1, j = 1, . . . , L} 
if r is even, and 

J_ ={(i, a) I i < -r'-l, a e A(p)} U {(-r - 1, a) | a G -A+(p)} 

U \i < -r' - 1, j = 1, . . . , L} U {(-r' - 1, 3) \ L - j + 1 < /} 

if r is odd. Putting any total order on J_, the vectors 

V h ,ji • ■ ■ V ih,jh^m 1 ,f3i ■ ■ ■ £,m k ,/3 k (2-9) 

with (iijji) < • ■ ■ < (ih,jh) and (mi,/?i) < ■ ■ • < (m k ,j3 k ) in J_ form a basis 
for X r . If v is a vector given by (|2.9J1 and /i G f)o then 

fc 

o- r (/i)u = (y]p a (h) + 5<J Pl 2r'+i 

s=l aeA+(p) 

while 

^ r+1 fc r+1 

<7 r (d t )« = (Xl^ s + ~~ o - ) + S( ms + ~~ 2~~ 

3=1 " s=l 

Since X p acts as the identity on X r we find that 

(7 r (K S )v = jgV. 

It follows that v is a weight vector having weight 
h r+1 k r+1 

+ ^(z s + -^-)5 t + ^((m s + -^-)5t + A) + *r,2r'+lPn, (2-10) 
5 s=l s=l 
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where by definition p n = \ E ae A+( P ) a - 

We shall use this formula in the next sections, treating separately the 
cases r even, r odd to obtain the decomposition of the so(p)-modules X r 
with respect to the subalgebra rj(t). 

3 Decomposition of the basic and vector rep- 
resentation (semisimple case) 

Here we assume that r is even and t is semisimple. Set c s = ffi^ , where h 
is any nonzero element of ()o n ts- As already observed cs does not depend 
on h. Define a linear map ipo : t — > L(q, a) by setting 

V> (r <g> X) = t 2n <g> X ^o(de) = d'/2 ^ Q {K S ) = 2c s K' = kc s K. (3.1) 

Let : h* ~ (l)t)* denote the transpose of (restricted to [)*). Clearly 
5 e = 2iP*(5'). Set 

A+(p) = {(m + l/2)<? ( + a | a G A(p), m > 0}. 
Let us record the following facts. 
Lemma 3.1. 

1. The map i/jq defines a bijection between A + and Af U A + (p). 

2. ipo{t)) is stable under the action ofW^. 

Proof. For the first statement, remark that ip^md 1 + a) — + a for all 
a G A{UA(p)U{0}. To prove the second statement, note that if a = m5z + (3 
with j3 a nonzero root in A t and A = V'o (/■*)> then a = ^Q(2m5' + (3), hence 

s a X = A - A(a v )a = ^(/-* - A(a v )(2m5' + (3)). 

□ 

Since is onto, tpQ is bijective on its image so, for each w G W^, we can 
define 

Then we set W a $ = {w \ w G IL^}. 

Lemma 3.2. Let a £ At be a real root. If a = ^0(7) then ipo(a v ) = 7 V . In 
particular s a — s 7 . 
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Proof. Assume that a is a real root of 65. We define a bilinear form {-, ■} on 
f)e H ts by setting 

{h,k} = (Mh),Mk))- 
Obviously, if ft, k G f)o then {ft, k} = (ft, k) = cs{h, k)s- We claim that 

{;-} = c s (;-)s. 

Indeed, if ft G f) H €5, then {7^, ft} = kc s (K,h) = and {7^,7^} = 
k 2 c 2 s (K,K) = 0. By fl23J) {d t , ft} = \{d! , ft) = 0, {d h d t } = \{d\d') = 0. 
Finally 

{d t , K s } = c s (d', K') = c s . 

Let ug : t)t H 65 — > (f)t fl 65)* be the isomorphism induced by {-, •}. We 
claim that, if a = tpoil) A s , then ipo^ 1 (a)) = u^ l {^). Indeed write 
u s 1 {a) = hs + aKs with ftg G 6g H f)o- If ft G f), there exists ft' G hj> such that 
ft = Vo(ft'). Write ft' = J2i(K + b i K i) + cd t with KetiD fj . Then 

(^(^(a)), ft) = (fts + fcc 5 air, J^(ft- + fccA#) + §cd') 

£ 

= (ft s + fc s aif, h' s + kc s b s K + fd') 
= (V^sV)), ^o(ft' 5 + + cd t )) 

= a(/ l ')= 7 («=7W- 

In particular 

K (« « } \ v (7),^ 1 (7)) 



□ 



Let II = {«j G II I Sj = 0} and let IL^o = n U {k5 - 6 S \ S > 0}. Set 
also 

A CTj0 = A e + 2Z5' (3.2) 
An obvious consequence of Lemma f3. 21 is the following fact. 

Corollary 3.3. A^q is a root system and W aj o is ihe corresponding reflection 
group. In particular W ai o is the subgroup of W generated by the reflections 
{s a I a G n CTi0 }. 

Proof. For the first statement observe that ^(A^q) is the set of real roots 
in Af. As for the second assertion, since k5 = 26', it is clear that ipQ is a 
bijection between IT^o and IT{. □ 
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Set N = rank(g) and for a G A + (p) set m a — 1 if a — (m+ + with 
/3 G A(p) \ {0}, while we set m a = N — n if a = (m + Observe that, if 
a = ipo((3), then m a equals the multiplicity mp of (3 as a root of L(g, a) (see 
H2|, Corollary 8.3). 

Let p be the element of f)* such that p\d!) = and p(a^) = 1 for z = 
0, . . . , n. Set 

£T = e £ s isA s +p e JJ (1 - e" a ) m " JJ (1 - e" a ) ma . 

aSA+(p) a£A+ 

Lemma 3.4. VFe have 

£)- _ e %(p) JJ (1 — e -^o( Q[ ))> n a. 

aGA+ 

Proof. By Lemma f3. II 

£)- = e EsisA^+p e JJ (1 — e -^o(°0 

It remains only to check that 

Y,JsA S +p t = r (p)- (3.3) 

5 

Since -?/>o(« v ) = « v for a G Il { we see that ^q(p)(q; v ) = 1 = (X^sis^-o + 
p t )(a v ) for a G II { . We defined p so that p{d!) = hence ipQ(p)(d t ) = = 
(Esis A o + pi()(d t ). It remains only to check that ip* Q (p)(K s ) = (J2 s j s ^ + 
Pt)(K s ) = js + h"s, but, since ipo(p)(K s ) = kcsp(K), this follows immediately 
from and the fact that p(K) = h y . □ 

By formula (j2.1U|) . the character of X r can be written as 

ch(X r ) = eZsisAg Yl (l + e ~ a ) ma (3.4) 

agA+(p) 

hence 

ch(X+) - ch{X;) = e^sisH JJ (1 - e- a ) ma 

a6A+(p) 

Applying Lemma [3.41 and setting 

D t = e pi JJ (1 -e- a ) m \ 
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we can write 



cMX+) - ch{x;) = = llagA+l L_ (3.5) 



By the "denominator identity" (cf. [I2j, (10.4.4)), ()3.5j) can be rewritten as 

(3.6) 



Let W' aQ be the set of minimal right coset representatives of W^o in W. 
We can rewrite (J3.6)) as 

n ae A+(i-e- a ) ma 

Using the Weyl-Kac Character formula in the formulation ([2.6)1 . the final 
outcome is that, if r is even, 

c/i(X+)-c/ipf-)= ]T e(u)ch(L(r (up)-pt)) (3.7) 
(cf. [231 )• Using ()3.3|) . we obtain the following result 

Theorem 3.5. 7/6 is semisimple and r is even then for e = or 1 one /tas: 




£(u) = e mod 2 



where W^ is the set of minimal right coset representatives of W a $ in W , 
W aj o being given by Corollary f!3.3|) and ip is defined by ()3.1|) . 

Proof. If A is a weight of then A(<7t) € Z, while, if A is a weight of X~ 
then X(dt) G | + Z (cf. Proposition 12. 5jl . It follows that and X~ do not 
have common components. □ 



3.1 Decomposition rules and combinatorics of roots 

Let £ denote the set of bo-stable abelian subspaces of p. Each abelian sub- 
space in £ is a sum of f)o- weight spaces. We identify i 6 S and the set 
A C A(p) such that i = YlazAPa- m this section, we describe the connection 
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between the subspaces in E and the decomposition of the basic and vector 
modules L(A e ) stated in Theorem 13.51 

The set S has been studied in |I] in the case of g simple. The results of 
that paper can be easily extended to the complex case. In the complex case, 
the subspaces in E turn out to correspond to more familiar objects. Indeed, 
we shall see that we can view S as the set of abelian ideals of b . We deal 
at once with this special case. 

We recall some general conventions and facts. Let t be a simple Lie 
algebra, $ its root system, b[ a Borel subalgebra, $ + and S the corresponding 
set of positive roots and simple roots, respectively. A subset A of $ + is called 
abelian if a + (3 $ for all a, [3 G A. An abelian ideal of $ + is an abelian 
set A such that if a G A and 7, a + 7 G $ + , then a + 7 G A. If A is an 
abelian ideal of $ + , then ^2 a&A l a is an abelian ideal of b [; and, conversely, 
each abelian ideal of b[ is (uniquely) obtained in this way. Recently, there 
has been a great deal of work on these ideals by several authors (Kostant 
PH [H], Cellini-Papi j^EHZj, Panyushev EH E2], Suter H3J). There are 
various explicit descriptions of them and, in particular, we know that they 
are exactly 2 rank ^. 

Now let 1 be a simple Lie algebra, g = 1 © I, and a : (x, y) 1— > (y, x) be 
the switch automorphism of q. Thus t is the diagonal copy of 1 in q, and 
p = {(x, —x) I x G I}. Then p is naturally isomorphic to € as a t- module, so 
that what we are going to study is the decomposition of the basic and vector 
representations of so(£) with respect to £, where 6 is any simple Lie algebra. 

Clearly, A(p) = At U {0} and, through the natural isomorphism between 
t and p, p a corresponds to 6 Q for all a G A(p), where we intend to = f)o- In 
particular, if a subset A of A(p) belongs to S, then by definition J2 a eA$ a ^ s 
a b stable abelian subspace of p and therefore J2 a&A £ a is a b stable abelian 
subspace of t. It is easily seen that this implies A C A^, and hence that A 
is an abelian ideal of A^. 

Thus, in this case, S is the set of abelian ideals of Ajj~. The following 
theorem, which is an easy consequence of Theorem 13 . 51 and the results of [5 , 
describes the decomposition of the basic and vector representations L(A ) 

and L(Ai) of so(t) with respect to t in terms of £ (cf. with jTH], formula 
(4.2.13)). It is the nicest special case of Theorem 13.81 below. 
Let us fix some notation. Set 

5k = Span R (a^, ...,<) + MAT' + Rd' 

and 

ft = {x G ?£ I (x, <*) = !}, ft = {xGft I M) = 0}. 
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Let 7r be the canonical projection mod 5 and set f)* = 7rfy*. We identify f)g 
with 7rf)o. 

For a G A + set 

iJ a = {x G P)i | (a, x) = 0} 

and if+ = {x G f)* | (a, a;) > 0}. Also, let C\ be the fundamental alcove of 
W, 

C 1 = { x e t){ | (a,x) > V a G n}. 

It is well-known that there is a faithful action of W on f)* and that Ci is a 
fundamental domain for this action. 
For w & W we set 

jV(iu) = {a g A+ | ur x (a) G A - }. 

Finally, for A G E, we denote by (A) (resp. \A\) the sum (resp. the 
number) of elements in A. 

Theorem 3.6. Let e = or 1. Then one has the following decomposition of 
the basic and vector so(t) -modules with respect to t. 

L(~K)= mAl + (A)-±(\A\-e)5 t ) 

| A | =e mod 2 

(where h\ and Aq are respectively the dual Coxeter number and 0th funda- 
mental weight oft). 

Moreover, the highest weight vector va of the submodule L(Ji( Aq + (A) — 
h(\A\ — e)5i) is, up to a constant factor, the following pure spinor (of the spin 
representation of Cl (t) ): 

va = J|(t _1 e a ). 

a<=A 

Proof. Under our assumptions, the summation X^JsAq in (|H.5|) has a single 
summand, which is JjAq. Clearly, L(g, a) is isomorphic to 6, hence h v = h\. 
Since k = 2, using ()2.8|1 . we obtain that j{A* = /i^Aq. 

Now we note that A = Z*5 U (A t + Z5), and A e = ^(2Z*6 U (A e + 2Z5)). 
Hence, by Lemma ET2~l we obtain that W a> o is the subgroup of W generated 
by the reflections with respect to roots in A t + 2Z5. Then W a> Q is isomorphic 
to W itself and, moreover, it has 2C\ as an alcove. More precisely, 2C\ is the 
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fundamental alcove of W C) q if we choose A t + 22,5 PI A + as positive system 
for the real root system Aj + 2Z5. By general theory, it follows that 

W' afl = {w G W | wd C 2d}. 

Let A be an abelian ideal of A^ and consider the set —A + 5 C A + . It is easy 
to prove that both —A + 5 and its complement in A + are closed under root 
addition, and hence that there exists a unique element wa G W such that 
—A + 5 = N(wa). Moreover, in [Sj it is proved that A \— > w A is a bijection 
between the set S of abelian ideals of A^J" and the subset {w G W \ wC\ C 
2Ci}. Now the claim follows directly from Theorem 13.51 and the following 
observations: 

1. for w G W, w(p) -p = ~{N(w)) (see e.g. PH, Corollary 1.3.22); 

2. for a G A+ ip^(-a + 8) = -a + f ; 

3. for AGS, e(w A ) = (-1) |j41 , and \A\ = \ - A + 8\ = \N(w A )\ = £(w A ). 
The statement on highest weight vectors will be proved in Theorem 13.91 □ 

We now turn to the combinatorial interpretation of the decomposition 
(|3.8|) for general g = 6 + p with t semisimple. We need to recall some results 
and notation from jlj. 

If q is simple, by the classification of Lie algebra involutions (see |12j . 
Ch.8), we have that there exists an index p such that s p — 1 and Sj = if 
i^p. 

Set 

D a = |J wd, (3.9) 

where 

W a CT 6 - {wef N(w) C {a G A | m p (a) = 1}} . 

and, as above, iV(u>) = {a G A + | u> _1 (a) G A - }. If w G we shall say 
that w is a -minuscule. 

Given w G VK, a root /3 G A + belongs to N(w) if and only if Hp separates 
wC\ and C\. It follows that 

d*= n 

m p (a)^l 
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If a G A we set H Q = {x G | (a,x) = 0} and H+ = {x E %/R5 | 

(a, x) > 0}. Set also 

c*= n ^- 

m p (a)#l 

Obviously 

Set $ CT = IIo-o U + a p }, where k v — k, 1 according to whether a p is 
long or short. 

Proposition 3.7. 01/ VFe /lave i/jcrf 

a = n 

Now let 

p.= n ( 3 - iq ) 

It is a standard fact that the set of elements w E W such that wC\ cover the 
polytope P a is the set of minimal right coset representatives for the subgroup 
of W generated by s a with a E IT^o, which, by Corollary IrS.rSl happens to 
be W a fi. Since obviously D a C P ff) we have that W„ 6 C W^ . We elucidate 
the precise relation between W^ b and W^ in the next proposition where, if 

L(g, a) is simply laced, we regard all roots as long. Recall that we denote by 
bo the Borel subalgebra of 6 associated to our initial choice of positive roots 
in A^. 

Recall that we are assuming that 6 is semisimple. If g is simple, let p be 
the index such that s p = 1 and Si = if i ^ p. In the complex case (and 
only in this case) we have p = (see Remark 12. 2|) . For 7 G Q v , we denote 
by £ 7 the translation by 7 (see O (6.5.2)]). 

Proposition 3.8. JS^,^ !)■ D a = P a if and only if p = or a p is short. 
If ot p is a long root, then P a \ D a consists exactly of the alcove w G C\, where 
w a = t-ka^WQWo, wo is the longest element of the parabolic subgroup of W 
generated byU \ {a p } and is the longest element of the parabolic subgroup 
of W generated by IT H . 

2). There is a bisection between bo-stable abelian subspaces in p and o- 
minuscule elements, or, equivalently, alcoves paving D a . In this correspon- 

r 

dence an element w G W° b such that N(w) = {/3i, . . . , f3 r } maps to @ p_^- . 

i=l 
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Set A 0i t = Yl Js-^o an d let E denote the set of b -stable abelian subspaces 
of p. Identify i G S and the set A C A(p) such that i = J2 a &APa- We 
summarize the connection between abelian subspaces and the decomposition 
of X r in the following proposition. 

Theorem 3.9. (1) Assume that p = or a p is a short root. Then 
L{K)= L[h G , i +{A)- l -{\A\-e)8^. 

I A|=e mod 2 



(2) Assume that a p is a long root and p ^ 0. We have 

L{K)= L(A 0>t +(A)-~(\A\-e)5 t ))@vL(A 0tt -y + ~e8 { 



lei 

| A | =e mod 2 



y:=^«JV(«;.)» = ( P) + 2a p +( liap + A l )nA+l +2\ 5, 

/3e(a p +A+)nA+ V / 

and V = b~e,l(w a )mod2- 

Moreover, in both cases, the highest weight vector of each component is, 
up to a constant factor, the pure spinor (of the spin representation ofCl r (p) ): 

v A =H(t- r '- 2 e a ) (3.11) 
where p Q = Ce a - A highest weight vector in the component indexed by w a is 
II (t- r '- 2 e_^(t- r '- 2 e^ p )(t- r '-^ p ). (3.12) 

/3e(a p +A+)nA+ 

Proof. It follows immediately from (J3.3)) that 

r (up) -p t = A ,t - r ((N(u))). (3.13) 
hence we can rewrite formulas ()3.8j) as 

ch(X r ) = ch(L(A )) + chmh)) = J2 ch (L(^o,t ~ r ((N(w)})). 
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By Corollary 13.31 and Proposition 13.81 we can write 

ch(X r )= ch(L(A , t -r ((N(w)))) 

ao 

if p = or a p is short, while 

ch(X r ) = ch (L(^ ~ r ((N(w)))) 

^evv^uK} 

if p 7^ and a p is long. If a 6 A then ipo(a) = ^m p (a)5 i + a. If w = wa 
for some ieS and a G N(wa) then m p (a) = 1. Moreover, if Wa G 
encodes the subspace A, we have e(wA) = (— 1) £<U,A ) = (— 1)'^'. This justifies 
the distribution of the summands in the basic and vector modules according 
to the parity of \A\. 

The calculation of N(w a ) follows by a straightforward computation using 
standard properties of the sets N(w) (see |7|, 2.5). One gets 

N(w a ) = (a p + A+) n A + U {a p } U {a p + kS}. (3.14) 

Since k5 = k Yl^o a i s ^ = 28' if we apply ipQ to each element in the r.h.s. of 
()3.14|) and take the sum we obtain the required expression for y. 

We now check that va is a highest weight vector. Set Xa = i/)q(wa{p)) — Pt 
be the corresponding highest weight. We will show that, if a G IIj, then 
Xa + oi is not a weight of X r . Indeed Xa + Pt = ^o( w a(p^)) and a = ifto(ft) 
with ft G IIo-o so we can write A^ + Pe + a = i/Jq(wa(p) + ft)- We observe that 

(w A (p) + /3,«u(p) +/3) = (p,p) + {ft,ft)+2(w A (p),ft). 

Since u^Ci) C P a , we have that 2(it; A (p), ft) > 0, hence 

(w A (/3) + ft, w A {p) +f3)> (p, p). 

If Xa + o. is a weight of X r , then, according to ()3.4|) . A^ + a + p^ G ^sis^o + 
Pt — where S is the set of weights defined in Lemma 3.2.3 of [TH], thus 

we can write that i[)q(wa(p) + ft) G ^(p — S). It follows that w A (p) +/3 — p G 
— S. Applying Lemma 3.2.4 of [IH] (with p = u>a(p) + ft — p), we find a 
contradiction. Obviously the same argument applies also to □ 

4 Decomposition of the spin representation 
(semisimple case) 

We now consider the case when r is odd and 6 is semisimple. We distinguish 
two cases: q not simple (the complex case) and g simple. 
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4.1 Complex case 

We consider here the case when g = f x t, cr(X, Y) = (Y, X), t is simple and 
embeds in q diagonally. We have that A(p) = A E U {0} and we can choose 
A + (p) = Aj". In this case t is simple, so, by ()2.8|) . the sum J2 s js-^-o,s reduces 
to one summand, which equals pj*. By (|2.1U|) the character of X r is 

ch(X r ) = 



e Pe 2 LfJ [ Y[ (l + e" Q ) mQ I = e ?e 2 L ? J -fc 



(-1 _ p -2a\m c 



(n Q£ A+(i-e- a ) m " 
(n aeA +(i-e- Q )'-) " (n aeAt+ (i-e- a )" 



Thus, we obtain 

Proposition 4.1. ^Ii6]/. 4-2-2). In the complex case the spin representation 
of t x t restricts to 2 L J copies of the t-module L(pt). 



4.2 g simple case 

We assume now that r is odd and t is a semisimple symmetric subalgebra of 
a simple algebra g. 



Structure theory. By the classification of Lie algebra involutions (see [T2*] . 
Ch.8), we have that there exists p E {0, . . . , n} such that ka p = 2 and s p = 1 
while Si = for i 7^ p. Set w p to be the unique element of f)o such that 
otifap) — 8i P for i = 1, . . . , n. Set 

/i = a o exp(7rm<i(ti7p)). 

Let E M denote the set of /x-fixed points in g. 

It is easy to show that f)o is a Cartan subalgebra of E M : if f)' is a Cartan 
subalgebra of 6 M containing f) then [fj', tu p ] = 0, so f)' C t. This implies f)' = 
f)o- If m is a positive integer such that a m = /i m = id, then, by Proposition 8.5 
of ^2j (with notation therein) the map t~ mv is an isomorphism L(q, fi, m) — > 
L(g, a, m). In particular the linear map t p : a + i5' ^ a — '^{i — a{w p ))5' 
defines a bijection between A and the set of f)-roots of L(g, /1, m). It follows 
that tp(II) is a set of simple roots for t p (A + ). 
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If z G Z, set L(jj, /x, m) 2 = {a; G L($j, fi,m) \ d' -x = zx}. Since £ p (aij) = a, 
if z > 0, £ p (oto) = j^-^' + «o an d 6^ = £(fl, /x, m)o, we see that the set of f) - 
roots of 6 M is A/ := {a | a G A, m (a) = 0}. 

Clearly Hf = {a?i, . . . , 57 n } is a set of simple roots for Ay and the corre- 
sponding set of positive roots is A^ = {a \ a G A + , m (a) = 0}. 

Explicit description of A £ and A(p). Set 

A° f = {a G A f \,a(w p ) = mod 2}, A} = {a G A f | a(ro p ) = 1 mod 2} 

and let A/ jS and Afj be, respectively, the set of short and long roots in Af. 
We let A% = A x n A) (x = f,l or f,s; e = 0, 1). 

Recall from Section 2 our classification of 3-roots of into complex, com- 
pact, and noncompact roots. Set 



A cx 


= {ae A(p) 


a = 


/3|(, , /3 complex}, 


A cl 


= {a G A f | q 


: = P\ 


(, , P compact}, 


A ni 


= {a G A(p) 


a = 


/3|(, , /3 noncompact} 


Acx 


= + a | i 


G Z, 


a G A cx .}, 


A a 


= {i5i + a \ i 


G Z, 


a G A ci }, 


A n i 


= {i5z + a \ i 


G Z, 


a G A ni }. 



If k = 1 then 3 = f) and cr is of inner type. It follows that a = exp(7rz/i) 
for some h G fjo- Since cr(Xj) = e ma ^ h 'Xj = e mSj Xj for j = 1 . . . , n, we see 
that cr = exp(7rmd(n7p)) and /x = zd. Hence, in this case, 

A cx = 0, A(p) = A} = A m , A t = A° = A ci . (4.1) 

Suppose now that k = 2, so that 5' = 5. Recall from 12. ll that a G A is a 
noncompact root if and only if <5 + ct|f, is a long root of A, a is compact if 
and only if a^ is a long root of A, and a is complex if and only if a\^ G A 
and it is not a long root. 

Assume that k = 2 and L(g, a) is not of type A^. The following relations 
hold. ^ _ 

A ]t!0 = (A(p) \ {0}) U A t = A \ {0} = Af 

The first equality is clear, the second depends on the fact that A is the set 
of roots of L(q, a), whereas the third follows from the explicit description of 
A given in Proposition 6.3 a) of [12 . From the above discussion it follows 
that 

A cx = A f , s , A a = A° fil , A ni = A l fjl . (4.2) 
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Moreover 



A(p) = A ni U A cx = A} tl U A /)S , A t = A ci U A cx = A° f}l U A /jS . 

If L(g,a) is of type A 2l l, then A s is the subsystem of A generated by 
{cto, . . • , a n ^\}. It follows that Aj does not contain long roots of A, hence 

A s = A cx . Since A = Af U §A/y U {0} (see again [12] . Prop. 6.3 b)), arguing 
as above we have 

A ni = A /iZ A CT = A* = |A W U A /iS . (4.3) 

As we have seen in Section l2~3] the explicit realization of the spin module 
depends on the choice of a set of positive roots A for g that is compatible 
with A^~. We make a particular choice that we now explain. 

Let u be the longest element in the Weyl group of t, u' the longest element 
in the parabolic subgroup corresponding to n e \ {a }, and w = uu' . Clearly 
wo stabilizes both At and A(p), hence A\^ C tfo(|A/ U Af). It is easy to 
see that A+ C w (|A+ U A+). It follows that 

A+ = {a E A | a\ h) e w Q (\A+ U A+)} 

is a positive set of roots for A compatible with Ajj". Recall that we set 
A+(p) = A+ o nA(p). We let 

A+ = A cx n A+ A+ = A ct n A+ A+ = A ni n A + (p) 
A+ = A+ U {jSt + a | j > 0, a G A a } (a = cx, ci, ni). 

The algebras L'(q, a). Recall that (•, •)„ denotes the normalized invariant 
form on g. Since there is cfj G Aj such that ctj is long in A, it follows that 
(-, -) n |t is the normalized invariant form on If A/ is a root system of 

type Y n , we can realize the affine Lie algebra of type Y^p as the subalgebra 
1^ = L(tfj) © CK' © Cdf of L(g). We set (•, •) = (•, -) n in (|2~T]) . so that iT 
is the canonical central element of 6 M . We denote by A M the set of roots of 
with respect to f) and by W| its Weyl group. If Of is the highest root of 
Af with respect to II/, then IT M = {— Of + 8',ai, . . . ,«„} is a set of simple 
roots of with respect to f). With this choice of the simple roots, the set of 
positive roots is 

A+ = A+U((A / U{0}) + Z + 5'). 
Let A M be the linear functional on f) which maps K' to 1 and f)o + <Cd' to 0. 
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Let (•, -) M be the normalized invariant form of 6 M such that (A M , A M ) M = 
and let v : \) — > f)* be the isomorphism induced by (•, For any subset R of 
real roots in A^ we set i? v = {z/(a v ) | a 6 i?}. Then it is clear that, if A is the 
generalized Cartan matrix of t^, then (f), IT^, i/ -1 (n / J) is a realization of the 

Cartan matrix M.. Let = Q^A) be the twisted affine algebra corresponding 
to the given realization of t A. By general theory of root systems, the set of 
real roots of is A^ e , where A^ re is the set of real roots of t M . Since 

(•, -) M is a normalized form on t M , we have that the set of imaginary roots 
for ?v is Z*5'. It follows that the set of roots of is A^ := A^ re U 1*5'. 
Observe that if L(g,a) is of type X { £ ] = A^_ l7 d\% E<£\ then ?^ is of 
type X]$ = Dj^ v A^jLi, respectively (see |T2j, 13.9). Moreover, since 

K« v ) = T^ a > the We y ] S rou P of ^M is 

Remark 4.1. If rk(g) = N, then the number of short roots in 11^ is 2n — N, 

therefore, as a root of t^, j5' has multiplicity 2n — iV if j is odd and n if j is 
even. 

We define the Lie algebra L'(g, a) as follows 

(% if k = 1, 

0") = < if fe = 2 and do = 1, 

(L(g,a) v iffc = a = 2. 

In the last case L($j, a) is of type and cr) v is realized with a con- 
struction analogous to that performed for t^, using the normalized invariant 
form of L(q, a). In particular, the set of roots of L'(g, a) is 

(±A/,, + i(2Z - 1)5') U (A /jS + Z5') U (A/,, + (2Z)5') U Z*5'. (4.4) 

We will denote by A' the set of roots of L'(g, a) in all cases. We choose 
(A') + = (|A+ U A+) fl A' as a set of positive roots and notice that the 
corresponding set II' of simple roots is 11^, IL^, and {\(5' — 8j),ai, . . . , a n } 
if a^k = 1,2, and 4 respectively. Let p! denote the sum of the fundamental 
weights of L'(q, a). Observe that the Weyl group of L'(g, a) is W^. 

The map tpi : f) t — > f). We already observed that (-, -) n |t M = (•> Oft ■ Also 

recall that we let cs = i^v , where h is any nonzero element of f)o H 65. It 
follows from the discussion preceding Lemma I2.4I that 

(/i, hy = kc s (h,h) s . 
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Consider the linear map <f> : — > t) defined by 

<t>\f) = idfo, <p{d t ) = d', (f>(K s ) = kc s K'. 

We define 

fa = o w 1 (4.5) 

so that 

ip\ = w o 0*. 

It is clear that ip\ is surjective, hence ip\ is injective. We denote by ipl -1 the 
inverse of ip{ : P)* — > ^*(fj*)- 

It is immediate from the definition of that 



^'(A,,) = 5>c s A* (4.6) 

s 

W) = *t, (4.7) 

Vr(A) = w (A) for A e f>S- (4-8) 



Note that, by (jHZJ), (jHHJ) and relation w (A £ ) C A t we have that A t C ViO)*), 
hence r/>*(f)*) is ^-stable. 

Lemma 4.2. For a G Aj ; let (3 be the unique element of A M suc/j £/ia£ fpiiP) 
is a multiple of a. Let s a : {)| — > f)j fre £/ie reflection with respect to a and 
s'p : (}* — ► f}* £/ie reflection with respect to (3. Then 

/ * — i / * / 

Proof. The proof is the same as for Lemma 13.21 □ 

Remark 4.2. We set W a ^ = {ipD^Wfipl. Lemma l4~2l savs that W a> i is a 
subgroup of Wt ■ 

If L(g,a) is not of type Aj^ then, by Lemma l4~2^ W a ,i is generated by 
the reflection s a with a a real root in ^* _1 (A t ). By (|4~7|) . and (|Q |l -(|0 |i . 

we have that the set of real roots in -0* _1 (Af) is 

A CT>1 := (A*, U A Ci ) + Z5'. (4.9) 

- /Q\ 

If L(fl, cr) is of type A^, then, by Lemma l4~2l and (|4.3j) . we have that 
is the subgroup of W 7 "^ generated by all reflections with respect to roots 

in 

A CTjl := (A /)S + Z5') U (A/,, + 2Z5')- (4.10) 
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The character. We set 

A+ (p) = A+(p) U {a+j6 t | a e A(p) \ {0}, j e Z+}. 
From (|2.1()j) we obtain directly 

ch(X r ) = 2^ i e T: ^ sA " +pn Y[(l + e- j5t ) N - n J\ (l + e~ a ). (4.11) 

* >0 aeA+O) 

Recall that 



D { = e ?e JJ(l-e- w, ) n j | (1 

i>0 ae(A+) re 

and set 

P* = ^js^o + Pn + Pt- 

s 

Then dividing and multiplying (|4.11j) by Df yields 

ch(X r )=2^)D+/D h (4.12) 

where 

D+ = e p * JJ(1 + e - W( ) JV - n JJ(1 - e- l5 *) n 

i>0 i>0 

x n ( i+e_Q ) n ( i - e ~ 2a ) n ^-o- 



If L(g, a) is not of type set 

D Q = e p ' JJ(1 + e-^)^-" JJ(1 - e~ i5t ) n 

i>0 i>0 

x n n (i-o- 

°eA+uA+ a £ A+ 

Observe that £)~ differs from £)+ just in the product over A^. 
If a) is of type v4 2n then set 

AT" = A+ U (A m + 2Z + <5 t ) 

A odd A+ \ A even 

ni ni \ ni 

AJ; CT = (A+ n A,) U (A cx nA / + Z+5 t ). 
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Recalling that in this case N = 2n and that, by ()4.3|) . A cx = |A ni U (A ca . fl 
Aj), we can rewrite as 



_ e -iS t )n 



i>0 i>0 

x n ( i+e_Q ) n ( i+e_Q ) n n 

a£A odd aeA e ™" aeA e ™" aeA+ 

= ^ na - e -**r n ( i+e_a ) n a-e~ 2a ) n ( x 

i>0 a£A°f «GA™™ «6A+ o 

In this case we set 



- e- 2a ) 



j>0 a eA odd Qe A euen aeAl 



f,cx 



that differs from Z)+ just in the product over A"^. 

First we show how to compute D~ and then we shall compute from 

Lemma 4.3. 

P* = *Pl(aop') 

Proof. We start from the equal rank case. In this case p' = h^A^ + p, where p 
is half the sum of the roots in A jr. It follows that ViG^O = h^ipKA^ + ipKp). 
Since 

i>l(p) = W o(p) = \ Yl a+ \ a = P* + Pn 

Q6A+ a£A+(p) 

we can write that ifttf) = /* V ^(A M ) + p n + Pt- By (JEIJ), Vi(A„) = E csAf 
Hence, by (j2.8jl . we conclude that V'i(p') = Eis^-o + Pn + Pt as desired. 

---- /2"\ 

If k = 2 and cr) is not of type A 2n , denoting by (/V) v the dual Coxeter 
number of Z/($j,cr), we have ft = (h') v A n + p v , where p v is half the sum of 
the roots in (A+) v and in turn i()*(f?) = O')^^) + i){{p w ). Since 

^i(p V ) = ™o(p V ) = \ a + ^ Y a+ Y a = Pt + Pn 

a 6 A+ aeA+ aeA+ 

we need only to check that ^((/i') v A M ) = EsO's+^s) A o ■ But ^((/i') v A M ) = 
E 5 (/i') V 2c 5 Af which equals, by O, (/i') v Es ^# A f- Th e claim follows 
because /i v = (/i') v . 
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- — /n\ 

Finally, if L(q, a) is of type A^, we have 2/7 = /i v A M + 2p. Now, from 
()4.3j) . we obtain that 



#(2p) = «+ E 



a 



aSA+ s agA+ 



2 

Pn + Pt 



Finally, by (JZHD, ^i(/> v A M ) = h v J2s 2c s A l = ^ Es ^# A o and we con- 
clude as above. □ 

Proposition 4.4. 

ae(A') + 

where m a is the multiplicity of a as a root of L'(q,o~). 

Proof. If L(q, a) is not of type A%^, then formulas (j4.6j) - (|4.8|) imply that 
ipl is a bijection between the set (A^, e ) + of positive real roots in A' and 
A+ U A+ U 2 At. Hence 



ni — a cx 



D s = e p *Y[(l + e- iS *) N - n Y[(l-e- iS T \ \ (l-e~^ (a) ). 

i>o i>o oe(A;j+ 

Next we observe that 

i>0 i>0 i>0 i>0 

_ e ~ 2i<5e )™ - e -(M-l)*t)2n-- v 

i>0 i>0 

(4.13) 

hence, using Remark 14. 1[ 



D s =e p * \Y (1 - e ^i (a) ) ma . 

ae(A')+ 
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Applying Lemma f4. 31 we obtain the result in this case. 

If L(q,<j) is of type A^*, then, by (|4.4jl . ipl defines a bijection between 
2(A' re )+ and A°f U 2A- e ™ U 2A+ CX hence 

D g =e p * JJ(l-e- Me ) n II (! - e ~ 2 ^ (Q) )- 

By Remark 14. 1| m(jS') = n for all j, hence 

D s =e p * Yl (1 _ e -^IW) m «. 

aG(A')+ 

Lemma 14.31 implies the result in this case too. □ 

Applying Weyl-Kac denominator formula we readily obtain 
Corollary 4.5. 

Decomposition of X r . We now show how to compute from D~ . This 
will allow us to compute the decomposition of X r . 
For 71, . . . ,7i G a o -0* ((A') + ), we set 

J(_l)|{7 1 ,..,7 t }nA-| if^^isoftype^S 



Set 



.l)[{7i,-.7*}nA+| otherwise. 



di if L(g, a) is of type 



2 a 



zu p otherwise. 



By the explicit description of aoipl((A') + ) given in the proof of Propo- 
sition 0~1 it is clear from (jHJ-gSJ) that (-l)(-n+--h*)(A») = Cp ( 7l) . . . )7t ). 
In particular, if we define a function e p on the Z-lattice L generated by 
a ^((A') + ) by setting 

e p (A) = (-1) A ^). 
then, if A = 71 + • • ■ + 7( with % G ao^i((A') + ), we have 

e p (A) = e p (7i,...,7 t ). (4.15) 
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Lemma 4.6. We have 

\eL 

with a a G Z. Moreover 

Proof. By Corollary 14.51 

D- = e"' Yl e(w)e- ao{ ^ {<N ' {w)>) \ 

where N'(w) = {a G (A') + | ^ _1 (q;) < 0}, hence the first assertion follows. 
The second statement follows directly from (|4.15jl and the definition of 
and D~ . □ 

We set A' a l = A CT)1 (see (jOjl ) if A; = 1 or L(g, a) is of type A^J, while we 

set A' al = (A CTil ) v in the other cases. We notice that A' al is a root system 

contained in A' and its associated reflection group is W a ^. By general theory 
of reflection groups (see [H]) the set 

W^ = {ue %\N'(u)cA'\A' a>1 } 

is a set of minimal coset representatives of W^iXWt . 

For w G W tft set N*(w) = N'(w) H A^. Set also £(w) = \N'(w)\ and, 
if v G W a; i, t{v) = \N*(v)\. Now assume v G W a> i and it G W' al . Since 
^(A^) = A' ct1 , we have that vN'(u) C A' \ A^. It is a standard fact that 
N'(v) C A^. In particular N'(vu) = N'(v) U (vN'(u) n (A' M )+) (disjoint 
union), whence, iV'(mt) n A^ = iV'(u) n A' ff>1 = N*(v). 

If e and e* denote the sign functions in WV and W^i, respectively, then 
e(w) = (— and e*(t>) = (— l) e ( v \ Notice that the set of real roots in 
A' \ A' a j maps under aoipt bijectively onto A°f d if L(q, a) is of type A^, and 
onto A ni in all the other cases, therefore 

e(vu) = e*(v)e P Ml(N'(vu))). (4.16) 

It follows from Corollary 14.51 and (j4.16j) that 

D Q =e?* £*(v)e P (a ri(N'(vu)})e- ao ^ N '( vu »\ 
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and, by Lemma f4. 61 

-a ^{N'(vu)} 



D t = eP * E E 



Clearly, if v G W t , then e*(V>j ^Vi) = dettyl Wi) = det(v). Therefore 
from the above equation we obtain 



D t= E E e*(^)e 0oV, * (,,V) = ^ £}det(v) ( 



and, since ch(X r ) = 2^ 2 ' -'-^, from ()2.6|) we deduce the following result. 
Proposition 4.7. 7/6 zs semisimple and r is odd, then 

ch(X r ) = 2^ Yl ch{L(a^l{uf!)-pt)), (4-17) 
where ipi is defined by (|4.5jl . 



4.3 Combinatorial interpretation of decompositions of 
spin modules. 

We will use the following general facts. Let Qi,Q 2 be two affine Kac- Moody 
algebras, and for i — 1,2, let f)i be a Cartan subalgebra of Qi, be the 
corresponding root system, and Wj be the Weyl group. Endow with a 
fixed arbitrary invariant form and f)* with the form induced by this choice. 
We say that a linear isomorphism / : f)£ — > is an extended isomorphism 
of root systems if / is an isometry and /Ai = A 2 . For a G Aj let s a be the 
reflection on fjj with respect to a. The following result is clear. 

Lemma 4.8. If f is an extended isomorphism of root systems, then, for all 
a G A 1; fs a f~ l — Sf a . In particular, if A C A 1; and Wa is the subgroup of 
Wi generated by the reflections with respect to elements of A, then fWkf 1 
is the subgroup of W 2 generated by the reflections with respect to elements in 
fA. 

Lemma 4.9. Let f : f)*©C5i — > §* 2 @C5 2 be a linear map such that /Ai = A 2 
and, for all a, (3 G A 1; (at, j3)\ = (fa,f(3) 2 . Then there exists a unique 
extension of f to an extended isomorphism of root systems. 



35 



Proof. Since C<5 2 is the orthogonal subspace of fjiij © C5 2 in f) 2 , an d since A 2 
spans h2©C(5 2 , the conditions (/Aj, /a) 2 = (Aj, a)i for all a G A x determine 
/Ag modulo C<5 2 . By a direct computation we see that the further condition 
(/Aj, /Aq) 2 = determines the component in C<5 2 of /Aj. □ 

Definition 4.3. Let us say that a f)o-stable subspace 5 of p is noncompact 
if all weights of f)o on 5" are in A ni . 

We will describe the decomposition of X r in terms of certain noncompact 
subspaces of p. For the sake of a better exposition we discuss various cases 
separately: we consider the equal rank case, the case when L(q, a) is of type 

(2) 

A 2ri and the remaining non equal rank cases. 

Equal rank case. In the equal rank case all f)o-stable subspaces of p are 
noncompact, for A(p) is equal to A n ,, henceforth the final outcome will be 
very similar to decomposition of the basic and vector representations. 

Recall that in this case /i = Id, so L'(Q,a) = L(g) and A' = A M . The 
isomorphism t mp : L(g, //, 2) — > L(g,o~) induces a linear isomorphism g : 
h* + C5' -> % + C5' such that g(\) = A. Explicitly 

g : A + j6' ^ A + (2j + A(tJ7 p ))<J'. (4.18) 

By (12. 4j) it is clear that g preserves scalar products of roots. 

By (jUJ), A { = A° so ^(A CTj i) = A° + 2ZS'. Comparing this with Q 
we see that 

^0 = ^,0. (4.19) 

By Lemma Ol V? = tfW^ -1 and, by (ICTjl . gW^g" 1 = W a , . Recall 
that in this case we have that p > and a p = 2, hence g(5' — 6) = —9 = 
a® = cto and ^(cfj) = a, for i — 1, . . . , n. It follows that g(A+) = A + hence 
N(gug- r ) = g(N'(u)), for all u G T? v It follows that 

and p(p') = p. 

Recalling that N = n m. this case, we can rewrite the decomposition of 
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X r given in ()4.17|) as 

uew^ s 

= E ^(E^o+^-^^'H)) 

u&W> afi S 

Applying the discussion of 13.11 we deduce the analog of Theorem 13.91 for 
the spin representation in the equal rank case: 

Theorem 4.10. Set m = . 

(1) Assume that a p is a short root. Then 

L(A m _ e )= L (A 

o,e + Pn + wo{A)) . 

Aes 

| A\ =e mod 2 

(2) Assume that a p is a long root. We have 

L(k m _ e ) = L(A 0it + Pn + w (A)-k A 5 t )) 

AGS 
| A | = t mod 1 

vL (A , e + p n - w Q (y) - (k y + l)5 t ) , 

where y and v are as in Theorem \S.S\ (2) and k A = \wq(A) fl A + (p)| ; k y = 
|(a p + A+)n(5'-A+)|. 

Moreover, in both cases, the highest weight vector of each component in- 
dexed by A e £ is, up to a constant factor, the pure spinor (of the spin 
representation of Cl r (p) ): 

v A = J] (t~ r '~ 2 ^) II ^ r ' _1 e Q , (4-20) 

aew (A)nA+(p) aEwo(A)n(-A+ (p)) 

where p a = Ce a . An highest weight vector for the component indexed by w a 
is 

([[ma P +A+)n(5>-A+) t ~ r '~ 2e -p) ( 4 - 21 ) 

( II ^ r '" 1 e_^)(t- r '- 1 e- 3p )(t-'-'- 2 e ^). 

/3G(a p +A+)n(5'+A+) 
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Proof. First of all observe that a weight vector v is in if and only if its 
weight is equal to J2s^s-^o + Pn + \ where A is a sum of an even number of 
elements of A ni , hence L(^2 S j'sAq — ip\ (g _1 iV(u))) occurs in X+ if and only 
if £(u) is even. 

The rest of the result now follows as in Theorem 13. 91 Only the coefficient 
of Si needs checking. If A G £ and a G N(w A ), then m p (a) = 1 hence 
a = 5' ± a with a 6 Aj- n At. If a; = a + 5' then p -1 ^) = a, while, 
if a = -a + 5' then g~ l {a) = -a + 5'. Write N(w A ) = {~7i + 6',...- 
% + 6' fa + 6',...,P r + 5'} with A , 7, e A }. Hence ^(^H^M)) = 

i«o(EA - S7i) + s #e- Since ^ = -N(w A ) = {71, • • - 77, -Pi, • • • , -A-} we 
have that s = |u>o(^4)nA + (p)| = k A - The coefficient k y is computed similarly. 

It remains to check that k A = for all A G £ if and only if a p is short. Let 
W f denote the Weyl group of A f . Clearly {w e W f \ to(Aj) D ^r 1 ( A e")} c 
By H Theorem 5.12], \W^\ = \{w G W f | w(A+) D ^{A^)}] if 
and only if a p is short. The result follows. □ 

The non equal rank case with a = 1. It is clear that £ M is a-stable, 
hence we can consider the subalgebra of 

L(t„, <7[tJ = © CAT' © Cd'. 

Clearly, 

f = t n t MJ p' = p n e„ 

are, respectively, the 1 and —1 eigenspaces of <j\* on t^. Let us denote by 
A? the Pig-roots of t', by A(p') the set of weights of f) on P'- 
Since cr| £ = exp(7riad(w p )) , it is clear that 

A r = AJ, A(p') \ {0} = A}. (4.22) 

For w G W ifll let N^w) = {a G A+ | w~ 1 (a) < 0}. Observe that 
W' a l = {u G W tft | N^u) C A M \ A CTj i}. This is because both W' a l and {u G 
I N^iu) c A m\ A o-,i} are the set of minimal length coset representatives. 
We notice that the set of real roots in A M \ A CT) i equals the set of real roots in 
A' \ A' al . The above observation implies that iV M (w) = N'(u) for u G W al . 
In particular 

{up -p) = up^-p^, 

where p M denotes the sum of the fundamental weights of t M . 
This time the isomorphism 

^:L(fi M ,id,2)^L(^,(7|eJ 
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induces a linear isomorphism g : f) Q © O' — > f)o © O', still given by (|4.18jl . 
such that g(A M ) is the set A M)0 . of roots of C|* ). By Lemma ()4.9|) . we 
can uniquely extend g to an extended isomorphism of A M with A ftff , which 
we still denote by g. 

We choose gll^ as a set of simple roots for A^ jCr , and denote by A+ 
the corresponding positive system of roots. Then it is clear that g maps 
A+ onto A+ . We denote by W% a the Weyl group of L(t M ,<7|j M ) and, for 

w G W^^ a , we denote by iV CT its negative set with respect to A+ iCr . By Lemma 

14.81 W ilit(7 = gW^g" 1 . Moreover, it is clear that N^gug^ 1 ) = gN^u), for all 

u G l? v _ 

Since W 7 "'^ = {u G W {p | iV M (u) C A ni + Z5'}, by flOJ), we have that 

^W^g" 1 = {f G W^, ff | iV,j (f) C A} Z + (1+2Z)<5'}. Since the set of real roots 

in A Mj(T \(A(r) + 2Z5 / ) is A} + (1 + 2Z)5' we have in particular that gW'^g' 1 is 
precisely the set of all elements v in W >0 such that N a {y) C A„j + (1+2Z)<5 / . 
We actually have a stronger result. 

Lemma 4.11. If ' v G Wis ,7 stzc/i N a (v) C A n j + (1 + 2Z)5' ; £/ien v is 
a |{ - minuscule. In particular 

gW^g- 1 = {ve W2» I C A m }. 

Proof. We recall (see jl]) that, if ct|j m is of type (sq, . . . ,s n ;k), then i> is a\t - 
minuscule if ht a{t (a) = 1 for all a G N a (v), where ht^ t (a) = s i m i( a )- 

We use the well known fact that in a finite root system a long root is the 
sum of two short roots. Suppose now that N a (v) C A ni + (1 + 2Z)<5' and that 
(2m + 1)5' + a is in N a (v). By ()4.2|) a G Aj., thus we can write a = /3 + 7 with 
/? G A} s and 7 G A° s . It follows that (2m + 1)5' + a = (2m5' + 7) + (5' + (3), 
hence, by the biconvexity property of N a (v), we find that 5' + (3 G N a (v) 
unless m = and 7 G" A+ . If we write a = J2™ =1 miai, then m p = ±1. 

Since 5' + a = Ym=i m i a i if m v = 1 anc ^ 5' + a = 25' + Y^=i m i a i if m p — ~ 1j 
we see that, in any case, fti^ (£' + a) = 1. □ 

We identify A^ with the roots in a G A^ such that a(d') = and 
choose A^ = A+ jCr PI A^ as a set of positive roots for t'. We denote by b' the 
corresponding Borel subalgebra of t! '. 

Remark 4.4. By the definition of g we see that the set of simple roots for 
t' is given by 

n = Ua^i^0,p} HBj(w p )<2 
l{-^/}U{« 4 \i^0,p} if 6 f {w p ) = 2. 
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It follows that b' = b n r. 



Combining Lemma ^.lll and Remark 14.41 with the results of jl] exposed in 
§ 13.11 we find the analogue of Theorem 13.91 for this case. Let T! ni be the the 
set of b'-stable abelian noncompact subspaces of p'. Recall that in section 
O we set L = N - n and I = [^pj . 

Theorem 4.12. Set m = [^\. 

(1) Assume that m is even. Then 

L(A w _i) = L(A m ) = 2 1 - 1 L (Ao,« + p n + w (A) - k A 5 e ) . 

(2) Assume that m is odd. We have 

L(A m ) = 2'0I (A 0l e + p n + w (A) - k A 5 t )) . 

In both cases k A = \wq(A) D A + (p)|. Moreover the highest weight vectors of 
each component indexed by A G T! ni are, up to a constant factor, the pure 
spinor (of the spin representation ofCl r (p)) 

ri n v -r'-^ k n (t- r '- 2 ^) n r r,_i o 

s=0 l+l<ji<-<j s <L a£w (A)r\A+(p) aew (A)n(-A+(p)) 

(4.23) 

if I is even, while, if I is odd, they are 

I! II V ~r'-^( II ((t-^eaXV-r'-lJ+l)) 

s=0 l+l<ji<-<j s <L a£w (A)nA+(p) 

J] ((t- v - 1 e a )(t-^- 1 t;_ r ._ w )) . 

aew> (A)n(-A+(p)) 

Proof. By a direct computation, we see that g~ l (— a + 5') = —a + 5' if 
a G Ay , while a + 5') = —a if a G — A^ . We can therefore apply 

the proof of Theorem 14.101 We need only to check the decomposition of 
= L(A m ) and X~ = L(A m _x) when m is even, but this follows readily 
from the description of the highest vectors. □ 
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The A^-case. Recall that in this case L'(g,a) = L(g,a) y , and that we 
chose IT = {^(5' — 9f),ai, . . . ,a n } as root basis for L'(g,a). From the 
explicit description of A CT) i, we obtain that W' al is the set of all elements 
v G Wt such that N'(v) is included in the set of short roots of A'. If we 
choose (n') v = {8'—9f,ax, . . . , a n _i, as root basis for L(g, er), we obtain 
(A /+ ) v as positive system for L(q, a). Observe that W = W% . It is clear that 

if we regard v G Wt as an element of W and denote by N v (v) the negative 
set of v with respect to this choice of the positive roots, we obtain that 
N v (v) = (N'(v)Y. In particular, for v G W^, N v (v) = 2N'(v). Therefore, 

as a subset on W, W' al is the set of all elements in v such that N v (v) is 
included in the set of long roots of A. Now we observe that A t = U 
A/ jS = (A/) v , so {«i, . . . ,« n _i, |a n } is the set of simple roots corresponding 
to A t n(|A^UA^). It follows that wq({oci, . . . ,a n -i, |«n}) = {^o, • • • , «n-i}- 
Since Of = 2a% + • ■ ■ + 2o7 n _i + a n we see that wo(6' — 9 f) = 5' + a n = a n , 
hence w ((n') v ) = H and w ((A ,+ ) v ) = A+. This says that wqW^Wq 1 is 
the set of elements of W such that N(v) is included in the set of long roots 
of A. Since the set of long roots of A is A„j + (1 + 2Z)5' we have that 
w^W^iWo C W^q. Lemma 14 . 1 II applies, so we can conclude that 

wo = {« e m b i mv) c A m }. 

Arguing as in the previous twisted cases, we finally obtain the analogous 
of Theorem 13.91 for this case. Set £ n j to be the set of noncompact bo-stable 
abelian subspaces of A(p). 

Theorem 4.13. Set m = [^\. 

(1) Assume that m is even. Then 

L(A m _0 = L(A m ) = 2?" 1 L (A , e + p n + (A) - \A\S t ) . 

(2) Assume that m is odd. We have 

L(k m ) = 2L?J L (A ,« + Pn + (A) - \A\S t )) . 

Moreover the highest weight vectors of each component indexed by A G S n j 
are, up to a constant factor, the pure spinor ( of the spin representation of 

Cl r (p)) 

n 

(ri n ^'-ujn^'" 2 ^) 

s=0 f +l<ji<-<j s <n a£A 
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if n is even, while, if n is odd, are 
L-J 

s=0 2±l<j 1 <...<_,- 8 < n Q£A 

where I = |_§J • 
Proof. We know that 

ch(X r )= c/i(L(A 0if + p n -a ^((iV / ( M )))). 

By the above discussion ao^l((N' (u))) = ^((N (w^uwo))) so we can write 
ch(X r )= ch(L(A 0ti + p n -ri((N(w A )))). 

The coefficient of <5{ is computed as in Kill The rest of the proof follows as 
in the previous cases. □ 

5 The Hermitian symmetric case 

In this section we discuss the decomposition of a conformal pair (so(p),t) 
when g = t © p is an infinitesimal Hermitian symmetric space. In this case 
there exists a node i ^ such that = 1, s = Sj = 1, and Sj = for 
j ^ 0,i. It turns out that t is an equal rank subalgebra of g and it is not 
semisimple. We can write t = J2s>o^s © £o, where 6o = Czui and zui is the 
unique element of l)o such that ~6ij{wi) = 5ij for j > 0. Recall that in this 
case 

?= [t,t] ©To, 

where 6 — t' 1 } © 6 © Cif with bracket defined by 

[t n ®H + aK , t m ®H + bK ] = S n ,- m (H, H) n K . 

As before (•, -) n is the normalized invariant form of g. Let r = if r is even, 
r = 1 if r is odd, and ^i, W a ^ be defined as in Section |3] or HJ according to 
the parity of r (note that in this case a — k — 1). Then let t/£ : fy* — > (f)e)* 
denote the transpose of the map ife restricted to [){. 

The same computation performed in the equal rank case for t semisimple 
would give 

ch{Xf)= J2 ch(L(r T (upr)-p t ))l (5.1) 

uGW' _ 
<r,r 

£(u) = e. mod 2 
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where e = 0, 1 according to whether we are considering the + or — case. 
Moreover W' a7 is the set of minimal right coset representatives for W jW a $ 

if r = and for Wt J~W a ,\ if r = 1, and p = p,pi — p 1 . 

We first deal with the basic and vector case and then we transfer our 
results to the spin case via map g defined in (j4.18j) . So we assume r — 0. 
The starting point to provide a more explicit form of (|5.1jl is a remarkable 
subset of stable subpaces which has been introduced in jl], Section 6. Recall 
from ()3.9|) the definition of the polytope encoding b -stable abelian subspaces 
of p and set 

D' a = D a fl {i 6 f)* (x, ai ) <0}. 

D' a corresponds exactly to the set of stable abelian subspaces of p which 
include g~ ai - Let be the unique element in Span^ai, . . . , a n ) such that 
(atj,u)Y) = 5ij. From the proof of Lemma 6.1 of [I] we deduce the following 
fact. 

Lemma 5.1. Consider the group of translations Tg^y = {tj^y \ j G Z}. 
Then D a is a fundamental domain for the action ofTi w v on U«>eW" w @i- 

Therefore there exists a "special" subset of stable subspaces of p such 
that the translates of the corresponding alcoves cover the domain W' aQ C\. 
At this point this fact gives little information on the weights appearing in 
the decomposition (|5.1|) . since T ZuJ y is not included in W. This requires some 
more work, which we perform in a general setting. 

Let I = q(A), where A is a generalized Cartan matrix of affme tipe Xm , 
h[ its Cartan subalgebra, il[ = {/3 , Pi, ■ ■ ■ f3 m } and LT^ = {0q,0i, ■ ■ ■ (3^} the 
sets of simple roots and coroots. Moreover, let Wi be the Weyl group of I, 
Aq, A[, . . . , A^ be the fundamental weights, and pi — Aq + • • • + A^. 

As usual we assume that Hi = {f3\, . . . /3 m } has Dynkin diagram of finite 
type X m , and we denote by I the corresponding finite dimensional simple Lie 
subalgebra of I Also, we denote by Wi the Weyl group of t, by its set of 
positive roots, by 6 { its highest root, and we set 8\ = j3 — Q { . 

Identify f)[ and h* via the normalized invariant form. Let . . . be 
the fundamental coweights of I and, for i e {1, . . . , m}, let Wi G W\ be such 
that N(wi) = {a G \ {a,oj^) ^ 0}. It is well-known that Wi exists (and 
it is unique). We denote by W the extended affine Weyl group of [, i.e. 
W = Tpv x W[, where P t v is the coweight lattice. We regard W as a group 
of transformations on fj*. Moreover, we set 

Z = {t^Wi | % G {1, . . . , m}, (9 U ^) = 1} U {1}. 
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It is well known that Z is exactly the subgroup of all elements in W that 
map the fundamental alcove of [ to itself (see [H]). We may identify the 
fundamental alcove of 1 with C^fl 1)1, where Cq is the fundamental chamber 
of I, and f)* = (Aq + Span H {/3 , • • • , /3 m })/M5| (see (HJ, Section 6.6, or [S], 
Section 1). Since the restriction to is a faithful representation of we 
obtain 

z = {v eW \v% = %}. 

Lemma 5.2. For all v E Z , 

vpi = pi. 

Proof. We fix v G Z \ {1} and set w _1 (A) = for « € {0, 1 . . . ,m}. We 
denote by ( , ) the form induced on fjj' by the normalized invariant form of 
[ and we recall that ( , ) is invariant under W. Then, for % — 0, . . . , m, 

It follows that v pi = pi mod <5[. 

It remains to prove that (t>pi, Aq) = 0. We assume that v = t u yWi. Since 
W[ fixes A , by formula (6.5.2) of [T2| we have 

^A = ^vAQ = A + ^-^kri 2 ^ (5-2) 

Since pi = pi + h^A l , where pi is the sum of fundamental weights of I and K( 
is its dual Coxeter number, we obtain 

vp^v Pi + K({A[ + ^ -\\^\%). (5.3) 

But vp\ - (p[ + ^A ) G K<5[, hence 

vpi = Pi - + ^i, (5.4) 
for some It follows that 

WiPi = t-^{p\ - tiiuY + x8\) = pi - ft^u;/ + x5[ - (pi - /i^ v + xb~ u ^)8[, 
and since the component of W{p\ in R5i is zero, we obtain 

x = -(pi,^ v ) + ^k V | 2 - (5-5) 
Combining equations ([5.3)1 . ()5.4|) . and ()5.5|) . we have 

(«? t) AS) = -(Pi,^) + ^Wr- (5-6) 
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Now, since Z is a group, there exists i' £ {l...,m} such that i> 1 
t u vWi>. Therefore, as in (|5.2|) . we obtain 



u 1 A^ = t w vA^ 



1 



A + ^-~k^ 



Hence 



(up t ,A ) = (pt,^A ) = (fi,u%) - - W 2 



(5.7) 



Since T P v is normal in W u v 1 = w i £_ w v = f_ m -i 11J vM; i 1 and since TpvW 
is a semidirect product, 



and w i 1 = Wi/. This implies, in particular, that \u, 
from (|5.f)j) and (|5.7jl we obtain that 



V 12 
i I 



(5.8) 

luYA 2 , and therefore 



-(pt,^ v ) + Vk v i 2 = (p,^) - ^ v k v i 2 - 

At this point, in order to conclude, it suffices to prove that 

(p [ ,^) = (pi,^)- (5.9) 

By equation (|5.8|) . we have that (pi, a$) = (— Wip^uS?), hence 

(pi, a,/) - (p t ,^) = (2^ + ^-p,^) = «A+> - w}0. 

By the definition of Wi, the last term of the above equalities is zero. This 
proves ()5.9|) and hence the lemma. □ 

Denote by E' the set of abelian bo-stable subspaces of p whose correspond- 
ing alcoves lie in D' a . The previous lemma is the key to read the weight of a 
factor appearing in (j5.1)l in terms of the weight of a subspace in £'. 

Proposition 5.3. If A = wCx, w £ W a0 , then there exists a unique k £ Z 
and a unique I £ £' snc/i t/iat 



$5Mp)) -Pl = 

A ,j + (I) + kh v zui + (-- dim(J) + k(\r 



\r\)--djm(fi))6i, (5.10) 



where I± = Jn±A+(p). 
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Proof. By Lemma f5. II we have A = t^y{A') for a unique fceZ and a unique 

alcove A' C Suppose that A' = w'Ci, u>' G W. Then u>Ci = t kuJ yw'Ci, 
and hence there exists a unique z £ Z such that tu = tj^ywz. By Lemma [Q] 
and formula (6.5.2) of ^2] we thus obtain 

^o(w(p)) ~Pt = Vo{h^w'z(p)) -p t = ipo(t kiJ vw'(p)) - p t 

= 1p* {t kuj v(w'(p) -p))+ 1po{tk^{p)) - Pt 

= r (t kuj y((I)) - dim(/)5') + r (tk.y(p)) - p h (5.11) 

where / is the ideal in £' corresponding to w'. Note that iJ)q(5') = \5i and 
that iI)q{ujY) = v{wi) + ^-5?. Also remark that 

«/>,^) = i/ + i-m, {p^) = d -^. (5.i2) 

Combining (l5~TTj) . (|5~T2"J) and formula (jEHJ) we get (pHUl) . □ 

Denote by Cj^ the coefficient of 5{ in formula f)5. lOj) . For g 6 Z, denote 
by L(A e ) q the eigenspace of eigenvalue q for the action of t on L(A e ). 

Remark 5.1. L(A £ ) q is non zero if and only if q = e mod 2 . In fact, by ()2.1()j) . 

the weights of L(A e ) are of the form A .e — Ylj=i 7j> 7? e A + (p), s = emod 2. 
Since A + (p) = Aj in this case, we have (A .e — Y^j=ilj){ w i) = s - 

From the previous Proposition it follows that 

Theorem 5.4. 

Proof. Consider the sum 

E c/i(L(^(^(p))-p E )). 

This sum makes sense because, given a weight p, there is only a finite number 
of elements w G such that p is a weight of L{iPq{w{j>)) — pj). Indeed, 
if p occurs in L(iPq(w(p)) — p { ), then /i = i()q(w(p)) — — X] q a+ n a a ; hence 
p(zui) = (iPq(w(p)) — pi)(wi). It follows from Proposition 15.31 that 

/i(tt7;) = + kh^ u{Wi){Wi) 
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and there is only a finite number of J G S' and k G Z that satisfy this 
equation. 

We can therefore write 



ch(L(r (w(p))-m= £ 



-f =c/i(X r ). 



I^ + I 




l^ + l 





Thus we can write 

L(A e ) = J2 J2 L{K^+{I) + kh y u{w i ) + {c I , k + ^e)8 l ). (5.13) 

fceZ res' 

1 1\ =e mod 2 

Observe now that 

'ih v \zUi\ 2 
, dim(p) 
C 2 

The result follows by collecting in (|5.13|) the terms with eigenvalue q. □ 

Arguing as in the semisimple equal rank case we obtain, for the spin 
representations, the following result. 

Theorem 5.5. Set m = j . The eigenvalues of Wi on L(A m _ e ) are 

of the form dl ™^ + q, q G Z, q = emodl. The corresponding eigenspaces 
decompose as 

L(A m _ f ) dtmq,) , q = £ ^( A o,« + (-0 +P« + kih y v{wi) + c' /Ar <5 £ ), 

I6E' 
|T+|-|/-|=S mod 

where kj = 2( - <? ~^^ / ^ and 
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6 Examples and applications 



6.1 Combinatorial interpretation of decompositions in 
type C 

We want to give a combinatorial interpretation of Theorem 13 . 51 and Theorem 
14.101 for the pair g = sp(Vi © V 2 ) D sp(Vi) © sp(V 2 ) = t, where V 1 ,V 2 are 
complex vector spaces of dimension 2m, 2n respectively. It turns out that 
in this specific case (and indeed only in this) the decomposition formulas 

afford bijections between level m representations of sp(2n) and level n rep- 
resentations of sp(2m). This result, in the case of the spin representation, 
appears as Proposition 2 in ^3]. in our general setting we are considering 
the case of a Lie algebra q of type C n+m endowed with an involution o of 
type (0, ...0, 1, 0....0; 1), where 1 appears in position m. 

Let P n> m denote the set of (m + l)-weak compositions of n, i.e. ordered 
(m + l)-tuples (ko, . . . , k m ) of non negative integers such that ki = n. 
Let also S^k denote the set of h elements subsets of {1, . . . , k}. The map 
(ko, . . . , k m ) i — ► {k + 1, k + ki + 2, . . . , k + ■ ■ ■ + k m _i + m} is a bijection 
Cn,m : Pn.m > 'S'm^+n- If c : S m ^ m + n > S'n.m+n is fh e map which associates to 
an m-element subset of {1, ... , m+n} its complement, the map (~ \o c oQ n m : 
Pn,m —* P m ,n is a bijection, which we denote by (ko, . . . , k m ) i— > (k' , . . . , k' n ). 
Set also k'l = k' n _ { , < i < n. 

Let A , . . . , A m , A , . . . , A„ be the fundamental weights of the simple ide- 
als of t, assuming that both components have the Dynkin diagram displayed 
as in p.], §4, Table Aff I. 

Proposition 6.1. Let q, t be as above. The following decomposition formulas 
for the level 1 modules of so(p) into irreducible [t, t] -modules hold (e = 0, 1): 

L(A^ e ) = L(k A + . . . + k m A m ) ® L(k' A + ... + k' n A n ), 

(fcQ>"->fcm)£-Pn,m 
V" 1 ? 1 „ i kj=£ mod 2 

L(K) L(k A + . . . + k m A m ) ® L(k' Q r Ao + ... + k" n A n ). 

(feO>--->fem)S-Pn,m 

The key remark to deduce lfi.ll from 13.51 and 14.101 is the following combi- 
natorial interpretation of the sets N(w), w G W^ 7 . Consider the following 

rectangle R n . m filled with roots (of L(g, a)) as displayed in the following 
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figure for m = 2, n = 3: 



«i + OL2 + OL2, + «4 


£*1 + a 2 + 0.3 




02 + 03+ 04 


a 2 + 03 


02 



Then the sets N(w), w G can be described as the sets roots lying in the 
boxes under any lattice path from the South- West corner of the rectangle 
to the North-East corner. This is readily checked observing that these sets 
are biconvex (hence are of the form N(w), for some w G W), that they are 
either void or intersect II exactly in a m (hence are of the form N(w), for some 
w G W^ T ), and finally that they are as many as the above lattice paths, hence 
\n) = l^o-rl m number (see jl], Table 5.1). Now the proposition follows 
by direct computation taking into account that A 0) t = nA +mA , p n + A o t = 
nA m + mA , ^(a m ) = A 1 + Ai (r even) and w = s m s m _is m ■ ■ ■ Sis 2 ■ ■ ■ s m , 
ipr( a m) = ^o(Ai) + Ai (r odd) . More explicitely, it is not difficult to see that 
if p w is the lattice path associated to w G W' aV and p w <-> (ax, ... , a m ) <-> 
(61, . . . ,b n ), where < a\ < a 2 < . . . < n (resp. m > b% > 6 2 > • • • > 0) 
are the lengths of the rows and (resp. columns) of the subdiagram of R n , m 
whose bottom border is p w , counted from bottom to top (resp. from left to 
right), then 

n m 

A 0l t - (ife(N(w))) = J2^-b, + Yl 

1=1 8=1 

for r even and 

n m 

p n + A 0if - (i/;*{N(w))) = Y^K + J2 

i=l 8=1 

for r odd. 

6.2 A special case 

Suppose that a is an automorphism of type (0, . . . , 1, . . . , 0; 1) with 1 in a 
position corresponding to a long simple root (say a p ). We show below how 
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to calculate the {-decomposition of the basic and vector representations in 
terms of a special class of representatives and how to get information on 
asymptotic dimension. We set for shortness W = W aj o, W = W^ . Let 
Wf the Weyl group generated by s\, . . . , s n . Let a(A) denote the asymptotic 
dimension of a module L(A) (see |TTH (2.1.5)] for the definition). 

Proposition 6.2. 1. The map w i— > w a w is an involution i on W . 
Moreover we have that i(W n Wf) = W'\ (W D Wf). 

2. Denote by A w = XT=o ^ e we W^t of the factor indexed by w G W 
in formula (|3.8jl . If w & W fl W/ ; i/ien Aj( w ) = X/ILo ^"^(O' w ^ ere n is a 
suitable permutation of {1, . . . , n}. In particular a(A w ) = a(Ait w ))- 

Proof. Consider the set P a defined in (|3.10j) . By |H Lemma 5.9], , we have 
w a (P a ) C P a , hence left multiplication by w a gives a map i : W 7 ' — >■ W . By 
jU Lemma 5.11], we deduce that does not belong to w a Ci, in particular 
w a i W n W>. This easily implies that i(W n W» C W \ (W n W/). 
It is clear that % is injective. Proposition 5.8 and Theorem 5.12 of [I] give 
\W'\ = 2\W n hence i(W n W» = W \ (W n W». Finally i is 
an involution since w a is an involution. Indeed w a is defined in j3] as the 
product of certain elements of the extended Weyl groups of the irreducible 
components of the extended Dynkin diagram of g minus the pth node; in 
[TTj the action of these elements is completely worked out. This explicit 
description proves both that w a is an involution and that it acts on each 
simple component t$ by permuting the fundamental weights. The assertion 
on asymptotic dimension follows from the fact that this quantity is invariant 
under the action of certain elements in the extended affine Weyl group. More 
precisely the invariance follows from ^Hl (2.2.15-16)] taking into account that 
w a is a product of elements in W + (in the notation of JEj)- d 

6.3 More examples 

The following examples should make clear how to use our decomposition 
formulas in explicit cases. To avoid cumbersome notation we describe the 
decomposition as [i, t] modules. In other words we consider the weights of 
the t-modules appearing in the decompositions modulo 8^. 

1. We describe the decomposition of X_i when q is of type G 2 and a of type 
(0, 1,0; 1). In this case t is of type x W aj i is generated inside W 

by Sq, S2, siS2 s i ,s 2 s i) ■5iS2SiSoSiS2 s i s o s i s 2 s i and 

W' a l = {id, Si, SiSq, S1S2, S1S2S0, S1S2S0S1}. 
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According to formula 14.101 the highest weights of the irreducible components 
are of the form 2A + 10A + p n — ipl((N(u))), where u ranges over W a _ x . 
Here and in the following Aj denotes the i-th fundamental weight for the first 
copy of Ai whereas Aj denotes the i-th fundamental weight for the other 
copy. Since p n = w (2ai + 3a 2 ) and «i = — |(ao + 3a 2 ) we have 

X_! =L(2Ai) ©L(10A )© 

L(A + Ai) © L(7A + 3Ai)e 
L(2Ai) © L(4A + 6A1)© 
L(2A ) ®L(6A + 4A 1 )© 
L(A + Ai) © L(3A + 7Ai)e 
L(2A ) ®L(10Ai). 

2. We describe the decomposition of A when g is of type D4 and a of typ_e 
(0, 1, 0, 0; 2). In this case t is of type A? x C { 2 ] . W a . is generated inside W 
by s 0l s 2l s 3 , s 1 s sis 2 s 1 s s lj s l s 2 s 3 s 2 SiS s 1 s 2 s 3 s 2 Si and we have 

^<j,0 = S l> S 1 S 0; s l s 2> S 1 S S 1> S1S0S2, S1S2S3, S\SoS 2 S 3 , SiS 2 S 3 S 2 , 

SlS S 2 S 3 S 2 , SiS 2 S 3 S 2 S h S1S0S2S3S2S1}. 

According to formula 14.121 the highest weights of the irreducible components 
are of the form 10A + 3A — i/)q((N(u))), where u ranges over W' aQ . Taking 
into account that a.\ = — («o + «2 + «3),we get 

X =L(10A ) © L(3A )© 

L(8A + 2Ai) © L(2A + A 2 )© 
L(6A + 4A 1 )©L(A + 2A 1 )© 
L(4A + 6A1) © L(A + 2Ai)e 
L(2A + 8A1) © L(2A + A 2 )© 
L(10Ai) ©L(3A )© 
L(IOAq) ©L(3A 2 )© 
L(8Ao + 2A!) ©L(A + 2A 2 )© 
L(6Ao + 4A 1 )©L(2A 1 + A 2 )© 
L(4A + 6A1) © L(2A t + A 2 )© 
L(2A + 8A 1 ) ©L(A + 2A 2 )© 
L(10Ai) ©L(3A 2 ). 
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3. It is easy to see from our formulas that if g is of type -D; +1 and a is of 
type(l, 0, . . . , 0; 2) then both the spin and the basic and vector representa- 
tions restrict to the spin and basic and vector representations for B\ l \ 

4. Finally we consider the decomposition of the spin representation X_i 
for q of type D4 and a of type (0, 1, 0, 0; 2). As in example 2, 6 is of type 
A} x C2 ■ Wt is an affine Weyl group of type B 3 . Recall that we chose 
ILj = {—Of + <5', «i, «2, ^3} as a set of positive roots for A M . Set [3q = 
—Of + 5', Pi = a i) i = 1, 2, 3, Sj = sp v i — 0, 1, 2, 3. Then 

^(jlt) = Ps, P0 + P2 + P3, P0+P1 + P2, P1+P2+ P 3 }, 

hence W a> i is generated by s 2 , S3, S0S2S3S2S0, soSis 2 siSo, S1S2S3S2S1. A set of 
minimal right coset representatives is 

W' a l = {Id, s , Si, Sis , sis 2 , s s 2 }- 
Taking into account that a± = — («o+«2+«3), and that p n = 5Ao+Ai, we get 

X-! =L(5A + 5Ai) ® L(2A + Ai)© 

L(3A + 7A X ) ® L(A + A x + A 2 )© 
L(7A + 3Ai) © L(A + Ai + A 2 )© 
L(5A + 5Ai) © L(Ai + 2A 2 )© 
L(Ao + 9A!) ©L(3A!)ffi 
L(9A + A 1 ) ®L(3Ai). 

6.4 Connections with modular invariance. 

We now try to use the formulas developed in the previous sections to obtain 
information on the action of SL(2, Z) on modified characters described in [To] . 
Here we consider the very special case when a comes from an automorphism 
of the diagram of q. This implies that q is either simple of type A, D, E or of 
complex type. Furthermore t is simple. We shall also assume that q is not 
of type A 2n . These are precisely the cases in which W' al = {1}. 

Let h\ denote the dual Coxeter number of t and set j = h y — h\. We 
denote by Aj the i-th fundamental weight of and by P\_ the set of dominant 
weights for \ of level j. Recall that N = rk q while n — rki. By f!3.7j) we 
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have that 

ch(L(A )) — ch(L(Ki)) = e(w)ch{L{r (wp)-pt))- (6-1) 



Formula (j4.17j) becomes in our case 

ch(L(A m )) = 2^ch(L(jA + p n )) (6.2) 
if A" — n is odd, and 

~ ~ i N—n i 

c/i(L(A m _i)) + ch(L(A m )) = 2L— ^ch{L{jA + p n )), (6.3) 

if A" — n is even. Here m = [ dl ™^ j . 

Denote by xa is the modified character of L(A) (see [TBJ (1.5.11)]), and 
set Y = {h e t)* \ Re5i{h) > 0}. Moreover we write A TO for ipliwp) — pt. 
Since the pair (so(p),6) is conformal, relation (|6.1|) translates into 

(XAo-XAi)[y= Yl e H^ A »' ( 6 - 4 ) 

whereas ()6.2|1 gives 

(XA m )|y = 2 L ^ J X,a 0+ p„ ( 6 - 5 ) 
(N — n odd), and ()6.3j) gives 

(XA m _! + XA m V = 2L ^ j x,a 0+ p„ (6-6) 
(A" — n even). Recall from ^01 Remark 4.2.2] that if A" — n is odd, 



and, if A" — n is even, 



T 

By modular invariance of modified characters 



XjA +p n . 



-) = V a(A,jAo + Pn)XA- (6.9) 

T * * 



AGPi 
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(here a(-, ■) is the function P| x P£ — > C defined in [TBI (2.1.7)]). Assume 
N — n even and use flO) , (EH) , fS3) , (EH obtaining 

XI e ( w )XA™(^) = (Xa " XA 1 )( r ) = (XA m _ x + XA,J(-^) 

= 2 ~X,A 0+Pn (--) = 2— X a(A,jA + p„)XA(T). 

A6P{ 

The case N — n odd is analogous. We can deduce the following 

Proposition 6.3. We have a(A, jA + p n ) = unless there exists w G W„ 
such that A + p t = ^(wp). In such a case a(A, jA + p n ) = 2~ Ki r L {—\)^ w \ 

Remark 6.1. In the complex case this result was obtained in the same way 
in HE|, (4.2.14). 

Remark 6.2. Recall that, if £ is the set of bo-stable abelian subspaces of 
p, then, according to Theorem 13.91 the set S parametrizes the irreducible 
components of X Q . By [To! (2.2.3)], we know that 

|a(A,j'A + p n )| 2 = 1. 

AeP ] + 

We can therefore deduce that |S| = 2 N ~ n in these cases. This fact was first 
proved in [22] by a different method. In the complex case we have yet another 
proof of Peterson's 2 rank abelian ideals Theorem (see again I16J). 

Remark 6.3. If q is of type D^, then t is of type B^_i and one only obtains 
again that a(Ajv-i, A ) = — a(A7v-i, Ai) = 4= and a(A A r„ 1 , A A r„ 1 ) = 0. 
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